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Abstract
We study interactions of string coherent states in the DDF (after Di Vecchia, Del Giudice, Fubini)
formalism. For simplicity we focus on open bosonic strings. After reviewing basic properties of DDF
operators and of excited open strings, we present some classical profiles and show how they become
more and more compact as the number of harmonics increases at fixed mass. We then compute various
three- and four-point amplitudes with insertions of coherent states, tachyons and vector bosons on
the boundary of the disk relying on a convenient choice of reference null momenta. We find that the
amplitudes exponentiate in a rather subtle and interesting way. We then study the high-energy fixed-
angle limit, dominated by a saddle-point when coherent states are present, and the soft behaviour
as the momentum of a vector boson is taken to zero. We briefly comment on generalisation of our
analysis to multiple intersecting and magnetised D-branes and to closed strings.
Contents
1 DDF operators and the String Spectrum 4
1.1 DDF operators for open bosonic strings . . . . . . . . . . . . . . . . . . . . . . . . 5
1.2 Vertex operators for open bosonic strings . . . . . . . . . . . . . . . . . . . . . . . 5
1.3 Coherent states of the open bosonic string . . . . . . . . . . . . . . . . . . . . . . 7
2 2-point ‘functions’ of Coherent states 8
2.1 Classical profiles, Normalization . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
2.2 Average values of position, momentum and angular momentum . . . . . . . . . . 9
2.3 Level expansion, Chan-Paton factors, ‘twist’ symmetry . . . . . . . . . . . . . . . 12
3 3-point open string amplitudes with Coherent states 12
3.1 A3(C, T, T ) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12
3.2 A3(C, V, T ) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
3.3 A3(C, V, V ) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
3.4 A3(C, C, T ) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16
3.5 A3(C, C, V ) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
3.6 A3(C, C, C) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
1E-mail: massimo.bianchi@roma2.infn.it
2E-mail: maurizio.firrotta@roma2.infn.it
1
ar
X
iv
:1
90
2.
07
01
6v
2 
 [h
ep
-th
]  
4 J
ul 
20
19
4 4-point open string amplitudes with Coherent states 19
4.1 A4(T, T, T, C) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
4.2 A4(T, T, V, C) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22
4.3 Soft behaviour . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
4.4 A4(T, C, T, C) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24
4.5 A4(T, C, V, C) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27
4.6 A4(T, C, C, C) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28
5 High-energy asymptotics at fixed angle 31
6 Summary, conclusions and outlook 32
2
Introduction
Direct detection of gravitational waves (GW) by the LIGO/Virgo Collaboration from Black-Hole
(BH) [1, 2] and Neutron-Star (NS) [3] mergers has triggered renewed interest in the dynamics of
compact gravitating systems, in connection with gamma-ray bursts [4], too.
In string theory, the objects colloquially called ‘black holes’ (BH’s) can be represented as bound
states of strings and branes [5, 6]. A lot of progress has been achieved in the micro-state counting
for certain classes of BPS (charged) BH’s in various dimensions [7, 8, 9], leading to the ‘fuzzball’
proposal [10, 11, 12, 13] that has been tested in various contexts [14, 15, 16, 17, 18]. Yet very
little is known at the dynamical level [19, 20].
BH production and evaporation in high energy scattering [21, 22, 23, 24, 25, 26] has been ad-
dressed by several groups [27, 28, 29, 30, 31, 32, 33], but a complete unitary S-matrix description
is still missing that is expected to include gravitational bremsstrahlung. In particular it would
be extremely interesting to derive string corrections to the GW signals predicted by General
Relativity [34, 35, 36, 37, 38, 39, 40, 41]. To this end one would like to find a reliable description
of non-supersymmetric and non BPS BH’s as bound states of strings, possibly refining and elab-
orating on the principles of Strings/Black-Hole complementarity [42, 43, 44, 45, 46, 47, 48]. This
approach has already been revived and improved in recent years [49], relying on the thermal-scalar
picture [46] and the collapsed polymer description of highly-excited, long closed strings at and
above the Hagedorn temperature, whose joining and splitting interactions were studied earlier
on [50]. The emerging picture suggests how ‘stringy’ matter can resist gravitational collapse [51]
and be probed in GW experiments [52] but seems to require a more quantitative control on the
highly excited string interactions.
While BRST invariant vertex operators for massless states are well known, the identification
of BRST invariant vertex operators for very massive states, possibly with high spin, is rather
laborious. Covariant vertex operators for massive higher spin states have been studied in the past
[31, 53, 54, 55] [ADD TAYLOR + TAIWAN] also in connection with the holographic AdS/CFT
correspondence in the weak coupling / high curvature limit [56, 57, 58, 59, 60, 61, 62] and with
scattering off D-branes in the eikonal regime [63, 54, 55, 64, 65].
Interactions of higher spins in the first Regge trajectory have been studied at tree level for the
open bosonic string [66], for heterotic strings [31, 53] and for (open) superstrings [67] but a
systematic approach to the interactions of massive higher spin states is not yet available.
A possible way out is to rely on the time-honoured Del Giudice, Di Vecchia and Fubini (DDF)
operators [68, 69], that produce BRST invariant states by construction. Three-point amplitudes
have been studied and the three-Reggeon Vertex has been derived for bosonic strings [70, 71] as
well as for the Neveu-Schwarz sector of the superstring [72].
In the past ten years or so, the DDF approach and the construction of macroscopic ‘coherent’
states of strings has been revived in connection with cosmic strings3, [74, 75, 76], including appli-
cations to the decay of macroscopic strings [77] and to the generating function for highly excited
strings [78]. The role of the DDF approach has also been recently emphasised in connection
with causality and unitarity in string theory [79] as well as with absorption in high-energy string-
brane collisions [80]. Other recent work on DDF operators has focussed on their role in the BCFW
construction of Veneziano Amplitude [81] and on three-point amplitudes with massive legs [82].
Aim of the present paper is to study interactions of string coherent states in the DDF approach.
For simplicity we will focus on open bosonic strings, although we plan to generalise our results
to closed strings in view of their role in the understanding of BH physics and GW emission.
As in the familiar case of the harmonic oscillator, coherent states are the quantum version of
classical (string) configurations that can capture the dynamics of long, very massive and highly
excited strings. As mentioned above, our results or their generalization to closed strings may
find applications in cosmic strings [74, 75, 76] and BH dynamics [49, 50, 51]. Moreover, coherent
3See also the talk [73] for superstring coherent states.
3
states can be used as an (over)complete set to built higher order perturbative string amplitudes
by sewing procedures [77, 78, 73]. Let us finally stress that the DDF approach is not limited
to coherent states but it can profitably be used to investigate the dynamics of arbitrary BRST
invariant states in any string theory.
The plan of the paper is as follows.
In Section 1, we will review DDF operators and the construction of physical BRST invariant
states for open bosonic strings, closely following [74, 75, 76] and [78, 73]. In particular we will
show how the first (N = 1) and second (N = 2) level are neatly reproduced and describe how to
construct coherent states.
In Section 2, we will recall some properties of coherent states that emerge from the computation of
2-point ‘amplitudes’. In particular we reproduce the results of [74, 75, 76] for the average mass,
gyration radius and angular momentum. We then present some random open string profiles
and their time evolution and show how they become more and more compct as the number of
harmonics is increased at fixed mass.
In Section 3, we will compute 3-point ‘amplitudes’ involving coherent states as well as tachyons
and vector bosons. Quite remarkably, we find that the amplitudes exponentiate in a subtle way
that requires a decomposition over the levels. As a by-product of our computations we will find
some interesting identities involving cycle index polynomials that are ubiquitous when working
with coherent states. 3-point amplitudes encode the decay (production) rates of coherent states
into (from) other coherent states or low-lying states and, in particular, can be used to extract the
‘spectrum’ of radiation emitted from this kind of processes. We will mostly work in the case of a
single D25-brane4 but we will discuss how to generalise the results to multiple D25-branes with
the inclusion of Chan-Paton (CP) factors. We will only mention but not discuss in any detail the
case of intersecting and magnetised D-branes.
In Section 4, we will compute 4-point ‘amplitudes’ involving coherent states with tachyons and
vector bosons. As in the previous section, we will find that the 4-point amplitudes exponentiate
when decomposed over levels and new and interesting identities involving cycle index polynomials
are found. We will then consider the high-energy fixed-angle regime and find how the known
saddle-point is modified by the presence of coherent states. Moreover, we will study the soft limit
at the open string level as the momentum of a massless vector is taken to zero, along the lines of
the old literature [83, 84] for QED and [85] for gauge theories, that has been later on extended to
gravity [86, 87, 88, 89, 90] and recently generalised, after [91], in various contexts [92, 93, 94, 95],
including string theory [96, 97, 98, 99], effective theories [100, 101, 102] and loop corrections to
the universal tree-level behaviour [103, 104, 105, 106].
We will conclude in Section 5, with preliminary considerations on how to generalise our analysis
to the case of open strings ending on intersecting or magnetised D-branes and to closed strings.
This is particularly easy for 3-point amplitudes thanks to the simplicity of KLT formula in this
case.
1 DDF operators and the String Spectrum
In this Section, closely following DDF [68, 69] as well as [74, 75, 76], we review the definition of
DDF operators and their crucial role in the construction of physical BRST invariant states for
open bosonic strings. After recalling the DDF approach that combines the virtues of the light-
cone and covariant approaches, we show how to construct the first (N = 1) and second (N = 2)
excited level and then describe the construction of coherent states.
4In fact any Dp-brane, if the momenta are properly restricted.
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1.1 DDF operators for open bosonic strings
In the open bosonic string, the DDF operators are defined as
Ain =
i√
2α′
∮
dz
2pii
∂zX
i(z)einq·X(z) (1.1)
where i = 1, ..., D−2 (D = 26) and q2 = 0. For convenience, we set q+ = qi = 0 and q− 6= 0 from
the start, so that q·X = −q+X−−q−X++qiX i = −q−X+ with
X+ =
1√
2
(X0 +XD−1) = x+ + 2α′p+τ (1.2)
Computing the OPE and imposing
2α′p·q = 1 (1.3)
with pµ the zero-mode of the momentum ‘operator’
pµ = i
∮
dz
2pii
∂Xµ =
∮
dz
2pii
P µ (1.4)
one finds the commutators5
[Ain, A
j
m] = n δ
ijδm+n,0 (1.5)
Despite appearance, DDF operators reproduce ordinary BRST invariant and covariant vertex
operators for the open bosonic string as we will see momentarily. For closed strings, as usual,
one has a doubling of the modes Ain → (Ain,L, Ajn,R).
1.2 Vertex operators for open bosonic strings
Starting from the tachyon vertex operator
VT (z, p) = :e
ip·X(z): (1.6)
with
p2 =
1
α′
= −M2 (1.7)
and imposing (1.3) one can successively construct BRST invariant vertex operators with on-shell
momenta
p
N
= p−Nq such that − α′p2
N
= α′M2N = N − 1 (1.8)
We henceforth set α′ = 1/2 for convenience.
In particular at the massless level (N = 1) one has the vector boson vertex operator
:λiA
i
−1e
ip·X : = λi(δiµ − piqµ) i∂Xµei(p−q)·X (1.9)
which can be written in the conventional form
VA(k, ε, z) = εµ i∂zX
µeik·X(z) (1.10)
with k = p− q and εµ = λi(δiµ − piqµ) such that k2 = 0 and k·ε = 0.
At the next (N = 2) level one has two possibilities. The first one is
:biA
i
−2 e
ip·X : =
[
ib·∂2X + b·p
(
u21
2
+
u2
2
)
+ ib·∂X u1
]
ei(p−2q)X (1.11)
5Note that 2α′p·q ≈ 1 is ‘central’ in that it commutes with Ain.
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where u` = U (n=2)` with
U (n)` (z) = −i
n
(`−1)!q·∂
`
zX = i
n
(`−1)!q
−∂`zX
+ (1.12)
The second one is
:eijA
i
−1A
j
−1e
ip·X : = eij
[
H i1H
j
1 − δij
(
(iq·∂X)2 − iq·∂2X
)]
ei(p−2q)X (1.13)
where
H in(z) = p
iZn(U (n)` ) + P in(z) (1.14)
with
P in(z) =
n∑
h=1
i
∂hX iz
(h− 1)! Zn−h(U
(n)
` ) (1.15)
Zn(u`) are degree n cycle index polynomials of the symmetric group Sn, in the n variables u`,
with ` = 1, ..., n. They are related to Schur polynomials by Sn(u`) = Zn(`u`). Some of their
properies will be recalled momentarily.
The two vertex operators can be combined and written in the form
VE(k, ε, z) = Eµνi∂zXµi∂zXνeiP ·X , VB(k, ε, z) = Bµi∂2zXµeiP ·X , (1.16)
with P = p− 2q, such that P 2 = −2,
Eµν = eij(δiµ − piqµ)(δjν − pjqν) + δijeijqµqν − bi[(δiµ − piqµ)qν + (δiν − piqν)qµ] (1.17)
and
Bµ = bi(δiµ − piqµ)− δijeijqµ (1.18)
so that
P µEµν = −Bν , ηµνEµν = −P µBµ (1.19)
In fact one can ‘gauge away’ Bµ and impose P µEµν = 0 and ηµνEµν = 0 [74, 75, 76, 31, 54, 53].
The explicit form of the cycle index polynomials is given by
Zn(u`) =
∮
dz
2piizn+1
e
∑∞
`=1
1
`
u`z
`
=
1
n!
∂nw
(
e
∑∞
`=1
1
`
u`(w−z)`
) ∣∣∣
w=z
=
∑
`k:Σkk`k=n
n∏
k=1
u`kk
`k!k`k
(1.20)
For low degree one finds
Z0 = 1 , Z1 = u1 Z2 = u
2
1
2
+
u2
2
, Z3 = u
3
1
6
+
u2u1
2
+
u3
3
(1.21)
Z4= 1
24
(
u41+6u2u
2
1+3u
2
2
)
+
u1u3
3
+
u4
4
, Z5(u`)= u
5
1
120
+
1
12
u2u
3
1+
1
6
u3u
2
1+
(
u22
8
+
u4
4
)
u1+
u2u3
6
+
u5
5
(1.22)
Some relevant properties of cycle index polynomials are
Zn(u` + v`) =
n∑
k=0
Zn−k(u`)Zk(v`) (1.23)
Zn(λ`u`) = λnZn(u`) (1.24)
Zn(u) = 1
n
Γ(u+ n)
Γ(u)Γ(n)
(1.25)
Zn(u`) = 1
n
n∑
k=1
ukZn−k(u`) (1.26)
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In general, the action of two DDF operators produces expressions of the form
:Ai−nA
j
−me
ip·X : = [δijSm,n +HjmH in −HjmmqiZn(U (n)` )]ei[p−(n+m)q]·X (1.27)
where
Sm,n(z) =
n∑
h=1
hZm+h(U (m)` )Zn−h(U (n)` ) = Sn,m(z) (1.28)
which, as indicated, is symmetric under the exchange of m and n, though not manifestly so.
Iterating (1.27) one finds
:Ai−lA
j
−mA
k
−n e
ip·X : = [H ilH
j
mH
k
n + δ
ijSl,mHkn + δikSl,nHjm + δjkSn,mH il ]ei[p−(n+m+l)q]·X (1.29)
and in general
:Ai1−n1 ...A
ig
−ng e
ip·X : =
[g/2]∑
a=0
∑
pi∈Sg
a∏
l=1
δipi(2l+1)ipi(2l)Snpi(2l+1),npi(2l)
g∏
q=2a+1
H
ipi(q)
npi(q) e
−i(p−∑r nrq)·X (1.30)
This allows to constructed BRST invariant vertex operators that correspond to physical states
at arbitrary level N as well as to coherent states, which we now turn our attention on.
1.3 Coherent states of the open bosonic string
Taking n1 = ... = ng = n the sum over permutations in (1.30) can be easily computed and reduces
to
:
1
g!
(λn·A−n)g eip·X : =
[g/2]∑
h=0
1
h!(g − 2h)!
(λn·λn
2
Sn,n
)h(
λn·Hn
)g−2h
ei(p−gnq)X (1.31)
The vertex operator for a coherent state can be contructed as an exponential of DDF creation
operators Ai−n (with n > 0) acting on the tachyonic ground-state. It reads
VC(z) = :e
∑∞
n=1
1
n
λn·A−n eip·X : =
∞∑
g=0
1
g!
:
( ∞∑
n=1
1
n
λn·A−n
)g
eip·X : (1.32)
It is coherent in that it is an eigenstate of the annihilation operators Ain (with n > 0) viz.
Aime
∑∞
n=1
1
n
λn·A−n eip·X |0〉 = λime
∑∞
n=1
1
n
λn·A−n eip·X |0〉 (1.33)
After normal ordering one finds
VC(z) = exp
{
1,∞∑
r,s
ζr·ζs
2rs
Sr,s e−i(r+s)q·X +
1,∞∑
n
1
n
ζn·Pn e−inq·X
}
eip·X (1.34)
with ζµn = λ
i
n(δ
iµ − [2α′]piqµ) such that ζn·p = 0 = ζn·q and ζm·ζn = λm·λn, while
ζn·Pn = λn·Hn =
n∑
h=1
i
(h− 1)! Zn−h(u`) ζn·∂
hX (1.35)
In order to derive (1.34) use has been made of property (1.26) of the cycle index polynomials.
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For later purposes, it proves useful to expand the vertex for a coherent state as a superposition
of vertex operators for states at fixed level N
VC(z) =
∞∑
N=0
dN∑
I=1
V(I)N (z)ei(p−Nq)·X =
∑
N
∑
hn:Σnhn=N
V{n,hn}(z)ei(p−q
∑
nhn)·X = VT + VA + VH + ...
(1.36)
= eip·X |N=0 + iA(ζ1)·∂Xei(p−q)·X |N=1 + [∂X·H(ζ1, ζ2)·∂X + iB(ζ1, ζ2)·∂2X]ei(p−2q)·X |N=2 + ...
and get the explicit expressions of the polarisation tensors Aµ, Hµν , Bµ, ... in terms of ζ in from
VC(z) =
∞∑
N=0
ei(p−Nq)·X
∑
(`n,kr,s):
∑
n n`n+
∑
r,s kr,s(r+s)=N
N∏
n=1
1
`n!
(
1
n
ζn·Pn
)`n 1,N−1∏
r,s
1
kr,s!
(
ζr·ζs
2 rs
Sr,s
)kr,s
(1.37)
where
ζn·Pn =
n∑
`=1
i
(`− 1)!
∮
du
2piiun−`+1
ein
∑n−`
s=1
1
s!
usq−∂sX+ζn·∂`X (1.38)
and
Sm,n =
n∑
h=1
h
∮
du
2piium+h+1
eim
∑m+h
s=1
1
s!
usq−∂sX+
∮
dv
2piivn−h+1
ein
∑n−h
r=1
1
r!
vrq−∂rX+ (1.39)
2 2-point ‘functions’ of Coherent states
In this Section, we recall some properties of coherent states that emerge from the computation
of 2-point ‘amplitudes’. In particular we reproduce the results of [74, 75, 76, 73] for the average
mass, gyration radius and spin.
2.1 Classical profiles, Normalization
A classical string configuration Xµ(σ, t) is physically acceptable when it satisfies the Virasoro
constraints Tαβ = 0. For open strings one should impose boundary conditions at σ = 0, pi. For
simplicity we will only consider Neumann b.c. that correspond to D25-branes6. In this case the
mode expansion reads
Xµ(σ, τ) = xµ + pµτ +
∞∑
n=1
(aµne
−inτ + aµ∗n e
+inτ ) cosnσ = xµ + pµτ +
∞∑
n6=0
aµne
−inτ cosnσ (2.1)
with aµ−n = a
µ∗
n .
For illustrative purposes, we display in Fig. 1 and Fig. 2 some classical open string profiles in
d = 3 space dimensions with different numbers of harmonics, generated randomly, together with
their time evolution.
At the quantum level aµn become creation/annihilation operators that satisfy a Heisenberg algebra.
Virasoro constraints translate into the BRST condition, that is satisfied by the DDF operators,
so much so that any state built acting with Ai−n on the tachyon vacuum |p〉 is a physical state.
In particular the vertex operators (1.34) describe physical coherent states. It is relatively easy to
fix their normalisation using standard properties of creation/annihilation operators
〈C(λ′, p′)|C(λ, p)〉 = lim
z′→∞
z→0
〈0|VC(λ∗, p′; z′)VC(λ, p; z)|0〉 = 〈p′| exp
∑
n′
1
n′
λ∗n′ ·An′ exp
∑
n
1
n
λn·A−n|p〉
= 〈−p′| exp
∑
n,n′
nδn,n′δij
nn′
λi∗n λ
j
n|p〉 = δ(p− p′) exp
∑
n
1
n
λ∗n·λn (2.2)
6As already mentioned, switching to Dp-branes is straightforward.
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<N>=10
10 harm <N>=10
20 harm
<N>=10
40 harm
<N>=10
80 harm
Figure 1: 3D open string profiles with different harmonics {10, 20, 40, 80} with the same average mass
square 〈M2〉 = 9/α′
2.2 Average values of position, momentum and angular momentum
Replacing the standard oscillators αin with the DDF operators A
i
n – given that they satisfy the
same algebra – and using the eigenvalue equation (1.33) in the form
Ain|C(λ, p)〉 = λin|C(λ, p)〉 (2.3)
one finds
X icl = 〈C(λ′, p′)|X i|C(λ, p)〉 =
∑
n
1
n
(λine
−inτ + λi∗n e
+inτ ) (2.4)
for the transverse coordinates while
X+cl = 〈C(λ′, p′)|X+|C(λ, p)〉 = X+ = x+ + p+τ (2.5)
and
X−cl = 〈C(λ′, p′)|X−|C(λ, p)〉 = x− + p−τ +
∑
n,m
1
4np+
[λn−m·λme−inτ + c.c.] (2.6)
9
<N>=10
10 harm <N>=10
20 harm
<N>=10
40 harm
<N>=80
80 harm
Figure 2: Time evolution of the 3D open string profiles with different harmonics {10, 20, 40, 80} with the
same average mass square 〈M2〉 = 9/α′, where profiles at different time are identified by different colors
In the rest frame, whereby pi = 0, reinstating α′, the gyration radius is given by
δX2 = 〈(X −Xcl)2〉 = 2α′
∑
n
1
n2
λ∗n·λn (2.7)
The average value of the transverse momentum is given by
〈C(λ′, p′)|P i|C(λ, p)〉 =
∑
n
in(λine
−inτ − λi∗n e+inτ ) (2.8)
Including the light-cone coordinates one has
〈C(λ′, p′)|P µ|C(λ, p)〉 = pµ − 〈N〉qµ (2.9)
where
〈N〉 =
∑
n
λ∗n·λn =
∑
n
ζ∗n·ζn (2.10)
as a result, reinstating α′, the average mass is
〈C(λ′, p′)|M2|C(λ, p)〉 = −〈C(λ′, p′)|P 2|C(λ, p)〉 = 1
α′
(〈N〉 − 1) (2.11)
10
<N>=10<N>=20<N>=30 <N>=10<N>=20<N>=30
Figure 3: Open string profiles with 5 harmonics at different average mass and their time evolution
<N>=10
10 harm
80 harm <N>=10
10 harm
80 harm
Figure 4: Open string profiles with the same average mass at different number (ie 10, 80) of harmonics
and their time evolution
Note that in the chosen frame, the only non-zero component of q is q−. As a result the only
component of P µ that fluctuates is P− with 〈P−〉 = p− − 〈N〉q−. Since all the remaining
components, including P+ are ‘classical’ in that 〈P µ〉 = pµ, the mass (and thus P 2) does not
fluctuate viz.
〈M2〉 = −〈PµP µ〉 = 〈2P+P− − P iPi〉 = 2p+〈P−〉 − pipi = 2p+(p− − 〈N〉q−)− pipi = −〈Pµ〉〈P µ〉
(2.12)
One can proceed similarly and compute the average value of the angular momentum Jµν =
Lµν +Sµν . Barring the ‘orbital’ part Lµν , let us focus on 〈Sµν〉. The ‘transverse’ components are
given by
〈Sij〉 =
∑
n>0
2
n
Im(λi∗n λ
j
n) (2.13)
After some tedious algebra one can also compute the Si− components (α′ = 1/2)
〈Si−〉 = 1
p+
∑
`>0
+∞∑
m=−∞
1
`
Im(λi∗` λm·λ`−m) (2.14)
The other components involving light-cone directions are computed along the same lines with
some more effort.
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2.3 Level expansion, Chan-Paton factors, ‘twist’ symmetry
Although we will mostly consider coherent states of open strings terminating on a single D-brane
N25 = 1, it is worth mentioning that most of the results remain valid for N25 > 1, provided the
correct Chan-Paton (CP) factors are included.
For oriented strings the gauge group is U(Nc) and the relevant CP factor for a ‘color-ordered’n-
point amplitude A(1, 2, ..., n) on the disk is Tr(T1T2...Tn) with Ta a generator of U(Nc) in the
fundamental representation. The complete amplitude obtains after summing over inequivalent
‘color’ orderings, i.e. over non-cyclic permutation of the n external legs,
Ân(1, 2, ..., n) =
∑
ρ∈Sn/Zn
An(ρ(1), ρ(2), ...ρ(n))TrNc(Tρ(1)Tρ(2)...Tρ(n)) (2.15)
Notice that under transposition, i.e. exchange of the two ends of the string, T → T t = −T =
−T ∗ = +T † (for the SU(Nc) generators) while T0 = 1 → T t0 = T0 = T ∗0 = T †0 = 1 (for the U(1)
generator) and
Tr(Tρ(1)Tρ(2)...Tρ(n)) = Tr(Tρ(1)Tρ(2)...Tρ(n))
t = Tr(T tρ(n)...T
t
ρ(2)T
t
ρ(1))→
Ω
Tr(T tρ(1)T
t
ρ(2)...T
t
ρ(n)) = (−)n−n0Tr(Tρ(1)Tρ(2)...Tρ(n)) = (−)n−n0Tr(Tρ(1)Tρ(2)...Tρ(n))(2.16)
This has to be combined with the sign the colour-ordered amplitude for external states at level
Ni obtains
A(n, n−1, ...2, 1) = (−)
∑n
i=1NiA(1, 2, ..., n) (2.17)
For coherent states each level has its own symmetry and a full amplitude will involve contributions
with different symmetry.
For un-oriented strings the gauge group includes O(Nc) or Usp(2Nc) factors and one can take for
states at level N T t = (−)N+Ω0T where Ω0 = +1 for O(Nc) and Ω0 = −1 for Usp(2Nc) denote
the eigen-value of the tachyonic ground state under the exchange of its ends, as implemented by
world-sheet parity Ω, known as ‘twist symmetry’ in the early days.
When open strings end on different D-branes the situation is more intricate, boundary conditions
and mode expansion get modified and one has to sum over all possible (allowed) inequivalent
orderings.
3 3-point open string amplitudes with Coherent states
In this Section, we compute 3-point ‘amplitudes’ on the disk (tree level) involving diverse numbers
of open string coherent vertex operators (1.34), tachyons (1.6) and vector bosons (1.10). Quite
remarkably but not unexpectedly, we find that the amplitudes exponentiate.
We will not write down any CP factor and focus on a given ordering of the vertex operators
inserted on the boundary of the disk. Assuming the same CP factor for all the excited levels
in the coherent states and summing over the two inequivalent orderings, one finds Tr(TaTbTc) +
(−)Na+Nb+NcTr(TaTcTb) that produces the structure constants (ifabc) when
∑
iNi is odd or the
‘anomaly’ coefficients (dabc) when
∑
iNi is even. We will also drop the overall dependence on gs
and the normalisation of the vertex operators that have been carefully determined in [74, 75, 76,
73].
3.1 A3(C, T, T )
The first and simplest computation is the 3-point amplitude with one coherent vertex and two
tachyons.
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The amplitude (that coincides with the 3-point correlator of ‘unintegrated’ cV type vertex oper-
ators) reads
A3(C, T, T ) = 〈cVC(z1) cVT (z2) cVT (z3)〉 = 〈c(z1)c(z2)c(z3)〉 ×〈
exp
{ ∞∑
r,s=1
ζr·ζs
2rs
Sr,s e−i(r+s)q·X +
∞∑
n=1
ζn
n
·Pn e−inq·X
}
eip·X(z1)eip2·X(z2)eip3·X(z3)
〉
(3.1)
Contracting the c ghosts yields
〈c(z1)c(z2)c(z3)〉 = z12z13z23 (3.2)
In order to perform the other contractions it is crucial to recall that e−inq·X = einq
−X+ and
Sm,n, that depend only on q·∂sX = −q−∂sX+, can only contract with the ‘longitudinal’ part of
eip·X = e−ip
+X−+..., while Pn that depend on both q−∂sX+ and ζn·∂rX can also contract with the
‘transverse’ part of eip·X = e...+ipiX
i
.
To start with we assume ζn·ζm = 0, a condition we will relax later on. In this case we have
〈 ∞∏
n=1
∞∑
gn=0
1
gn!
{
n∑
h=1
i
n(h− 1)!Zn−h[U
(n)
s ] ζn·∂hXe−inqX
}gn
eip·X(z1)eip2·X(z2)eip3·X(z3)
〉
(3.3)
For gn = 0 contracting the exponentials yields the Koba-Nielsen (KN) factor
〈eip·X(z1)eip2·X(z2)eip3·X(z3)〉 = zp1p212 zp1p313 zp2p323 (3.4)
that for gn 6= 0 combines with the contractions of X+ in e−ingnq·X that yield z−ngnqp212 z−ngnqp313 . At
fixed level N =
∑
n ngn, after integration over the center-of-mass (CM) coordinates X
µ
0 , one finds
z
(p−Nq)p2
12 z
(p−Nq)p3
13 z
p2p3
23 δ(p−Nq + p2 + p3) = zN−112 zN−113 z−N−123 δ(p−Nq + p2 + p3) (3.5)
Contracting iq−∂sX+ in U (n)s yields
U (n)s → (−)s
n
2
(
Q− 1
zs12
− Q+ 1
zs13
)
(3.6)
where
Q = q·(p2 − p3) (3.7)
while iζn·∂hX yields instead
iζn·∂hX → (−)
2
h−1
(h− 1)!
(
1
zh12
− 1
zh13
)
ζn·(p2 − p3) (3.8)
Focusing on the sum over h, factoring out ζn·p23z−ngnqp212 z−ngnqp313 and using properties (1.23) of
the cycle index polynomials one finds
n∑
h=1
(−)h−1
2n
Zn−h[U (n)s ]
(
zh13 − zh12
zh12z
h
13
)
=
(−)n+1
2n!
Γ[n
2
(Q+ 1)]
Γ[n
2
(Q− 1) + 1]
(
z23
z12z13
)n
(3.9)
that can be proven setting z1 = 0, z2 = 1 and z3 =∞, by exploiting the BRST invariance of the
construction, so much so that the complete amplitude reads∑
N=Σngn
[ ∞∏
n=1
∞∑
gn=0
1
gn!
{
Rn−1(Q) ζn·(p2 − p3)
(
z23
z12z13
)n}gn]
N
zN12z
N
13z
−N
23 δ
(D)(p−Nq + p2 + p3) =
=
∫
dDX0
(2pi)D
ei (p+p2+p3)·X0
∞∏
n=1
∞∑
gn=0
1
gn!
{
Rn−1(Q) e−i n q·X0 ζn·(p2 − p3)
}gn
(3.10)
13
where
Rn−1(Q) = (−)
n+1
2n!
Γ[n
2
(Q+ 1)]
Γ[n
2
(Q− 1) + 1] (3.11)
with Q defined in (3.7) and we have used
∫
dDX0e
i (p−Nq+p2+p3) = (2pi)Dδ(p − Nq + p2 + p3).
Setting
ζ̂µn = e
−inq·X0 ζµn (3.12)
for ζn·ζm = 0, one finds the very compact and elegant expression
A3(C(p, q; ζn), T (p2), T (p3)) =
∫
dDX0 e
i (p+p2+p3)·X0 exp
∞∑
n=1
Rn−1(Q) ζ̂n·(p2 − p3) (3.13)
Quite remarkably the expression has exponentiated in a rather subtle and interesting way. Al-
though this was to be expected thanks to the exponential form of the vertex operators for coherent
states in the DDF basis, exposing this property required a decomposition in the level number N
as well as the redefinition of the harmonics as in (3.12).
In order to extend the amplitude to the case in which ζm·ζn 6= 0, there is an additional factor to
consider:〈 ∞∏
n=1
∞∑
gn=0
1
gn!
{
e−inqXζn·
n∑
h=1
i
n(h− 1)!Zn−h[U
(n)
s ] ∂
hX
}gn
(3.14)
∞∏
r,s=1
∞∑
hrs=0
1
hrs!
{
ζr·ζs
2rs
e−i(r+s)qX
s∑
f=1
fZr+f [U (r)` ]Zs−f [U (s)` ]
}hrs
eip·X(z1)eip2·X(z2)eip3·X(z3)
〉
Contracting iq−∂`X+ in U (r/s)` yields U (r/s)` in (3.6). Using SL(2, R) invariance to set z1 = 0, z2 =
1 and z3 =∞ and barring the common factor e−i(r+s)qXζr·ζs/2rs, for given r and s one finds
s∑
f=1
f Zr+f [U (r)` ]Zs−f [U (s)` ]
(
z23
z12z13
)r+s
=
(rs)2(Q2 − 1)
(r + s)
Rr−1(Q)Rs−1(Q) (3.15)
=
rs(−)r+s
(r + s)
(Q+ 1)
2(r − 1)!
(Q− 1)
2(s− 1)!
Γ
[
r
2
(Q+ 1)
]
Γ
[
s
2
(Q+ 1)
]
Γ
[
r
2
(Q− 1) + 1
]
Γ
[
s
2
(Q− 1) + 1
] (3.16)
These terms combine with the ones from the first exponential to shift the level from N =
∑
n ngn
to N =
∑
n ngn +
∑
r,s(r + s)hrs. As before this can be taken track of by switching from ζ to ζ̂.
Taking in due account the kinematic constraints
k1·k2 = k1·k3 = ng + (m+ h)l − 1 ; k2·k3 = 1− ng − (m+ h)l (3.17)
the final and most general (in that ζm·ζn 6= 0) yet quite compact result reads
A3(C(p, q; ζn), T (p2), T (p3)) =∫
dDX0 e
i(p+p2+p3)·X0 exp
{ ∞∑
n=1
Rn−1(Q)ζ̂n·(p2−p3) +
1,∞∑
r,s
ζ̂r·ζ̂s rs(Q
2−1)
2(r+s)
Rr−1(Q)Rs−1(Q)
}
(3.18)
where Q, Rn−1(Q) and ζ̂m are defined in (3.7), (3.11) and (3.12), respectively. Recall that this is a
color-ordered amplitude and should be combined with the corresponding CP factors and summed
over the two non-cyclic permutations of the external legs. (3.18) determines the decay rate of a
generic coherent states into a tachyon pair and encodes the tri-linear couplings of an arbitrary
excited open string state to two tachyons. The latter can be extracted taking derivatives w.r.t.
ζn.
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3.2 A3(C, V, T )
It is quite interesting to replace one or both tachyons with massless vector bosons. Let us start
with one. Without losing generality, it is convenient to decompose the null momentum k of the
vector as k = p′ − q′ with (p′)2 = 2 and p′q′ = 1 and (q′)2 = 0 with q′ along the same light ray
as the q used to express the momenta of the coherent state, so much so that qq′ = 0. As a result
the polarisation Aµ = εi(δiµ − (p′)iq′µ) turns out to be transverse to both q′ ∼ q and p′ and thus
to their combination k = p′ − q′.
The relevant correlation function is
A3(C, V, T ) = 〈cVC(z1) cVA(z2) cVT (z3)〉 = 〈c(z1) c(z2) c(z3)〉 × (3.19)〈
exp
{ ∞∑
r,s=1
ζr·ζs
2rs
Sr,s e−i(r+s)q·X +
∞∑
n=1
ζn
n
·Pn e−inq·X
}
eip·X(z1)iA·∂Xeik2·X(z2)eip3·X(z3)
〉
With respect to the previous case ζn·Pn(z1) can also contract with A·∂X(z2) and the latter can
contract with eip·X(z1) and eip3·X(z3).
The first new kind of contractions produces terms ζn·A of the form
n∑
h=1
(−)
n
h−1 h
zh+112
Zn−h[U (n)s ]
(
z12z13
z23
)n (
z12z23
z13
)
=
(−)
n!
n+1 Γ[n
2
(1 +Q) + 1]
Γ[2− n
2
(1−Q)] (3.20)
where it is convenient to introduce the degree n−1 polynomials
Mn−1(Q) = (−)
n+1
n!
Γ[n
2
(1 +Q) + 1]
Γ[2− n
2
(1−Q)] (3.21)
The second new kind of contractions yields terms A·p1/3 of the form
A·p1
z21
+
A·p3
z23
= A·(p1 − p3) z13
2z21z23
(3.22)
So the final quite compact result reads
A3(C(p1, q; ζn), V (A, k2), T (p3)) =
∫
dDX0 e
i(p1+k2+p3)·X0
[
A·p3 +
∞∑
m=1
Mm−1(Q) ζ̂m·A
]
×
exp
{ ∞∑
n=1
Rn−1(Q) ζ̂n·(k2 − p3) +
1,∞∑
r,s
ζ̂r·ζ̂s rs(Q
2 − 1)
2(r + s)
Rr−1(Q)Rs−1(Q)
}
(3.23)
where Q, Rn−1(Q), ζ̂m andMn−1(Q) are defined in (3.7), (3.11), (3.12), and (3.21), respectively.
Once again, the result has an exponential form up to the linear terms in the polarisation of the
vector boson.
3.3 A3(C, V, V )
When both tachyons are replaced by massless vector bosons, the relevant correlation function is
A3(C, V, V ) = 〈cVC(z1) cVA(z2) cVA(z3)〉 = 〈c(z1) c(z2) c(z3)〉 × (3.24)〈
exp
{ ∞∑
r,s=1
ζr·ζs
2rs
Sr,s e−i(r+s)q·X +
∞∑
n=1
ζn
n
·Pn e−inq·X
}
eip·X(z1)iA2·∂Xeik2·X(z2)iA3·∂Xeik3·X(z3)
〉
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Including a second vector boson, one has to take into account the additional contractions of
iA2·∂X with iA3·∂X, producing A2·A3/z223, as well as the separate contractions of both of them
with ζn·Pn in the exponent, producing terms of the same form as the ones in (3.20), and with
eipX producing terms of the same form as the ones in (3.22).
Combining the various contributions the amplitude takes the final form
A3(C(p1, q; ζn), V (A2, k2), V (A3, k2)) =
∫
dDX0
{ ∞∑
n=1
(ζ̂n·A2)Mn−1(Q)
∞∑
m=1
(ζ̂m·A3)Mm−1(Q)
+ (A2·A3)−(A2·k3)(A3·k2)+
∞∑
n=1
[(A2·k3)(ζ̂n·A3)− (A3·k2)(ζ̂n·A2)]Mn−1(Q)
}
ei(p+k2+k3)·X0
× exp
{ ∞∑
n=1
Rn−1(Q) ζ̂n·(k2 − k3) +
1,∞∑
r,s
ζ̂r·ζ̂s rs(Q
2 − 1)
2(r + s)
Rr−1(Q)Rs−1(Q)
}
(3.25)
where Q, Rn−1(Q), ζ̂m andMn−1(Q) are defined in (3.7), (3.11), (3.12), and (3.21), respectively.
As a first almost trivial check, setting ζn = 0 and noticing that 2α
′k2k3 = −α′M2T = +1 one finds
A3(T1 V2 V3) = (A2·A3)−(A2·k3)(A3·k2) = k2·k3(A2·A3)−(A2·k3)(A3·k2) (3.26)
which is the correct tachyon-to-two-photon amplitude, which survives even for a single D25-brane,
since it is symmetric under the exchange of the two photons.
Another less trivial check follows from setting n = 1 and g = 1 (having in mind formula (2.47)),
one has
A3(V1 V2 V3) = (A2·k3)(A3·p1)(ζ1·k2) + (A2·A3)(ζ1·k2) + (A3·p1)(ζ1·A2) + (A2·k3)(ζ1·A3)
= (A2·k31
2
)(A3·k12
2
)(ζ1·k23
2
) + (ζ1·k23
2
)(A2·A3) + (A3·k12
2
)(ζ1·A2) + (A2·k31
2
)(ζ1·A3)
(3.27)
where kij = ki − kj, which is – not surprisingly – the (totally anti-symmetric!) 3-vector boson
vertex in the bosonic string, that requires multiple D25-branes to be non-zero. In particular one
can recognise a higher-derivative F 3 interaction (the very first term), suppressed by powers of α′,
in addition to the Yang-Mills vertex (the three last terms).
3.4 A3(C, C, T )
A more laborious amplitude to tackle is the one with two coherent states and a tachyon.
The relevant correlation function is
A3(C, C, T ) = 〈cVC(z1) cVC(z2) cVT (z3)〉 = 〈c(z1) c(z2) c(z3)〉 ×〈
exp
{ ∞∑
r1,s1=1
ζ
(1)
r1 ·ζ(1)s1
2r1s1
Sr1,s1 e−i(r1+s1)q1·X +
∞∑
n1=1
ζ
(1)
n1
n1
·Pn1 e−in1q1·X
}
eip1·X(z1) (3.28)
exp
{ ∞∑
r2,s2=1
ζ
(2)
r2 ·ζ(2)s2
2r2s2
Sr2,s2 e−i(r2+s2)q2·X +
∞∑
n2=1
ζ
(2)
n2
n2
·Pn2 e−in2q2·X
}
eip2·X(z2)eip3·X(z3)
〉
Without loss of generality one can take q2 ∼ q1 so that q1·q2 = 0 7. This entails
ζ(i)n ·qj = 0 for i, j = 1, 2
thus preventing proliferation of contractions.
7Indeed qi·qj = ωiωj(1− ~ni·~nj) = 0 iff ~ni·~nj = 1 i.e. ~ni = ~nj and qi = ωiωj qj .
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Anyway a new type of terms arises from the contractions of ζ
(1)
n1 ·Pn1 with ζ(2)n2 ·Pn2 . For fixed n1
and n2 one finds
ζ
(1)
n1 ·ζ(2)n2
n1 n2
(
z12z13
z23
)n1(
z12z23
z13
)n2 n1∑
u1=1
n2∑
u2=1
(−)u1+u2+1
zu1+u212
Γ(1− u1)Zn1−u1 [U (n1)s ]Zn2−u2 [U (n2)s ]
Γ(u2) Γ(1− u1 − u2)
where
U (n1)s = (−)s
n1
2
(
Q1 − 1
zs12
− Q1 + 1
zs13
)
, U (n2)s = (−)s
n2
2
(
(Q2 − 1)(−)s
zs12
− Q2 + 1
zs23
)
(3.29)
with
Q1 ≡ q1·(p2−p3) , Q2 ≡ q2·(p1−p3) (3.30)
arises from the contractions of q−i ∂
sX+ with the exponentials exp ipjX.
Barring the overall factor ζ
(1)
n1 ·ζ(2)n2 , the above expression is a polynomial in Q1 and Q2 of degree
n1−1 and n2−1, respectively, that is symmetric up to a sign (−)n1+n2 under the simultaneous
exchange of n1, Q1 with n2, Q2. We will henceforth indicate the polynomial as L(n1−1,n2−1)(Q1, Q2).
For low values of n1 and n2 one finds
• (1, 1): L(0,0) = 1
• (1, 2): L(0,1) = 12(Q2 + 1)
• (2, 2): L(1,1) = −14(Q2Q1 +Q1 +Q2 + 3)
• (2, 3): L(1,2) = − 116(Q2 + 1)(3Q2Q1 +Q1 + 3Q2 + 9)
• (3, 3): L(2,2) = 1192 (27Q22Q21+36Q2Q21+9Q21+36Q22Q1+144Q2Q1+108Q1+9Q22+108Q2+163)
Thanks to SL(2,R) invariance the result is independent of the choice of the z’s. In particular
one can set z1 = 0, z2 = 1 and z3 =∞ and the double sum produces
L(n1−1,n2−1)(Q1, Q2) =
(−)n1+1
n1n2
n1∑
u1=1
n2∑
u2=1
Γ(u1 + u2)
Γ(u2) Γ(u1)
Z(1)n1−u1
[n1
2
(Q1 − 1)
]
Z(2)n2−u2
[n2
2
(Q2 − 1)
]
(3.31)
Combining with by-now-familiar contractions, that already appeared in previous computations,
yields
A3(C(p1, q; ζ(1)n ), C(p2, q2; ζ(2)n ), T (p3)) =
∫
dDX0 e
i (p1+p2+p3)·X0 exp
{ ∞∑
n1=1
∞∑
n2=1
ζ̂(1)n1 ·ζ̂(2)n2 Ln1−1,n2−1(Q1, Q2)
}
exp
{
1,∞∑
r1,s1
ζ̂(1)r1 ·ζ̂(1)s1
r1s1(Q
2
1−1)
2(r1+s1)
Rr1−1(Q1)Rs1−1(Q1) +
1,∞∑
r2,s2
(−)r2+s2 ζ̂(2)r2 ·ζ̂(2)s2
r2s2(Q
2
2−1)
2(r2+s2)
Rr2−1(Q2)Rs2−1(Q2)
}
exp
{ ∞∑
n1=1
ζ̂(1)n1 ·(p2 − p3)Rn1−1(Q1) +
∞∑
n2=1
(−)n2 ζ̂(2)n2 ·(p3 − p1)Rn2−1(Q2)
}
(3.32)
where Q1, Q2, Rn−1(Q), ζ̂m and Ln1−1,n2−1(Q1, Q2) are defined in (3.30), (3.11), (3.12), and
(3.31), respectively. It is not hard to check that the signs are precisely those needed for the
amplitude to be (anti)symmetric under the exchange of the two coherent states. More precisely,
after decomposing the coherent states in bases of states at fixed levels N1 and N2 the ‘partial’
amplitude gets a sign (−)N1+N2 under exchange.
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3.5 A3(C, C, V )
The case in which the third state is a vector is very similar to the previous computation except
for the KN factor and other couplings related to the vector polarization.
The relevant correlation function is
A3(C, C, V ) = 〈cVC(z1) cVC(z2) cVA(z3)〉 = 〈c(z1) c(z2) c(z3)〉 ×〈
exp
{ ∞∑
r1,s1=1
ζ
(1)
r1 ·ζ(1)s1
2r1s1
Sr1,s1 e−i(r1+s1)q1·X +
∞∑
n1=1
ζ
(1)
n1
n1
·Pn1 e−in1q1·X
}
eip1·X(z1) (3.33)
exp
{ ∞∑
r2,s2=1
ζ
(2)
r2 ·ζ(2)s2
2r2s2
Sr2,s2 e−i(r2+s2)q2·X +
∞∑
n2=1
ζ
(2)
n2
n2
·Pn2 e−in2q2·X
}
eip2·X(z2) iA3·∂Xeik3·X(z3)
〉
Following the same steps as in previous computations, in particular choosing q1, q2 and q3 to be
collinear without loss of generality, no new types of contractions appear and one smoothly arrives
at the final form of the amplitude that reads
A3(C, C, V ) =
∫
dDX0 e
i (p1+p2+p3)·X0
(
A3·p2 +
∞∑
n1=1
Mn1−1(Q1)ζ̂(1)n1 ·A3 +
∞∑
n2=1
Mn2−1(Q2)ζ̂(2)n2 ·A3
)
exp
{
1,∞∑
r1,s1
ζ̂(1)r1 ·ζ̂(1)s1
r1s1(Q
2
1−1)
2(r1+s1)
Rr1−1(Q1)Rs1−1(Q1) +
1,∞∑
r2,s2
(−)r2+s2 ζ̂(2)r2 ·ζ̂(2)s2
r2s2(Q
2
2−1)
2(r2+s2)
Rr2−1(Q2)Rs2−1(Q2)
}
exp
{ ∞∑
n1=1
ζ̂(1)n1 ·(p2 − k3)Rn1−1(Q1)−
∞∑
n2=1
(−)n2 ζ̂(2)n2 ·(k3 − p1)Rn2−1(Q2) +
∞∑
n1=1
∞∑
n2=1
ζ̂(1)n1 ·ζ̂(2)n2 Ln1−1,n2−1(Q1, Q2)
}
(3.34)
where ζ̂m, Q1, Q2, Rn−1(Q), Mn−1(Q), and Ln1−1,n2−1(Q1, Q2) are defined in (3.12), (3.30),
(3.11), (3.21), and (3.31), respectively. One can check that the subtle signs that appear are
precisely the ones necessary to implement the correct Bose symmetry of the amplitude.
3.6 A3(C, C, C)
The most laborious 3-point amplitude corresponds to taking three coherent states as external
legs. The relevant correlation function is
A3(C, C, C) = 〈cVC(z1) cVC(z2) cVC(z3)〉 = 〈c(z1) c(z2) c(z3)〉 ×〈
exp
{ ∞∑
r1,s1=1
ζ
(1)
r1 ·ζ(1)s1
2r1s1
Sr1,s1 e−i(r1+s1)q1·X +
∞∑
n1=1
ζ
(1)
n1
n1
·Pn1 e−in1q1·X
}
eip1·X(z1)
exp
{ ∞∑
r2,s2=1
ζ
(2)
r2 ·ζ(2)s2
2r2s2
Sr2,s2 e−i(r2+s2)q2·X +
∞∑
n2=1
ζ
(2)
n2
n2
·Pn2 e−in2q2·X
}
eip2·X(z2) (3.35)
exp
{ ∞∑
r3,s3=1
ζ
(3)
r3 ·ζ(3)s3
2r3s3
Sr3,s3 e−i(r3+s3)q3·X +
∞∑
n3=1
ζ
(3)
n3
n3
·Pn3 e−in3q3·X
}
eip3·X(z3)
〉
Setting
Q1 ≡ q1·(p2 − p3) , Q2 ≡ q2·(p1 − p3) , Q3 ≡ q3·(p1 − p2) (3.36)
the contractions of q∂sX with exp ipX yield
U (n1)s =
n1
2
(
Q1−1
zs21
− Q1+1
zs31
)
, U (n2)s =
n2
2
(
Q2−1
zs12
− Q2+1
zs32
)
, U (n3)s =
n3
2
(
Q3−1
zs13
− Q3+1
zs23
)
(3.37)
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Despite appearance, no new types of contractions are necessary to compute the above amplitude.
Following the same steps as in previous computations, one finally gets to
A3(C, C, C) =
∫
dDX0 e
i (p1+p2+p3)·X0 exp
{
1,∞∑
r1,s1
ζ̂(1)r1 ·ζ̂(1)s1
r1s1(Q
2
1−1)
2(r1+s1)
Rr1−1(Q1)Rs1−1(Q1)+
1,∞∑
r2,s2
(−)r2+s2 ζ̂(2)r2 ·ζ̂(2)s2
r2s2(Q
2
2−1)
2(r2+s2)
Rr2−1(Q2)Rs2−1(Q2) +
1,∞∑
r3,s3
ζ̂(3)r3 ·ζ̂(3)s3
r3s3(Q
2
3−1)
2(r3+s3)
Rr3−1(Q3)Rs3−1(Q3)
}
exp
{ ∞∑
n1=1
∞∑
n2=1
ζ̂(1)n1 ·ζ̂(2)n2 Ln1−1,n2−1(Q1, Q2) +
∞∑
n2=1
∞∑
n3=1
ζ̂(2)n2 ·ζ̂(3)n3 Ln2−1,n3−1(−Q2,−Q3)+
∞∑
n3=1
∞∑
n1=1
(−)n1+n3 ζ̂(3)n3 ·ζ̂(1)n1 Ln1−1,n3−1(−Q1, Q3)
}
exp
{ ∞∑
n1=1
ζ̂(1)n1 ·p23Rn1−1(Q1)−
∞∑
n2=1
(−)n2 ζ̂(2)n2 ·p31Rn2−1(Q2) +
∞∑
n3=1
ζ̂(3)n3 ·p12Rn3−1(Q3)
}
(3.38)
where ζ̂m, Q1, Q2, Q3, Rn−1(Q), and Ln1−1,n2−1(Q1, Q2) are defined in (3.12), (3.36), (3.11), and
(3.31), respectively. One can check that the signs are those necessary to implement the correct
symmetry properties under exchange of any pair of coherent states.
Before passing to consider 4-point amplitude let us pause and discuss the significance of the above
results for 3-point amplitudes with coherent states. Expanding in the levels N1, N2 and N3 (3.38)
encodes all the physical amplitudes of arbitrarily excited open string states. These can be simply
extracted taking derivatives with respect to the parameters ζ
(i)
n . Moreover, using unitarity and
completeness of the coherent states, one can in principle glue such 3-point amplitudes to construct
any higher point and even higher loop amplitude. It would be interesting to compare our compact
expression with the result that would obtain after saturating the three-Reggeon vertex [70, 71]
with coherent states8.
More interestingly in our views is the possibility of deriving quantitative informations on the
interactions of highly excited very massive open string states, even with large spin. As mentioned
in the introduction, generalisation to stacks of coincident or intersecting D-branes looks quite
natural and feasible, including the appropriate CP factors and taking into account of the correct
boundary conditions. Moreover, using KLT relations or otherwise, one can combine such open
string 3-point physical amplitudes for left- and right-movers and get closed string 3-point physical
amplitudes for arbitrary excited states.
4 4-point open string amplitudes with Coherent states
In this Section, we compute 4-point ‘amplitudes’ involving diverse numbers of coherent states as
well as tachyons and vector bosons. In preparation for future applications to closed strings, we
also study the soft limit at the open string level as the momentum k of a massless vector is taken
to zero.
Specifically, we turn our attention on 4-point amplitudes on the disk. As before we will consider
processes with one, two or three coherent states, leaving the case of four coherent states to the
future. Although we focus on a particular ordering of the external legs to start with, results for
different orderings obtain easily after exchanging the external legs. We will comment on this at
the end of the computations. One can also ‘dress’ the amplitude with CP factors corresponding
to multiple D-branes and/or different stacks of D-branes. We will briefly mention how to do so
later on.
8We thank P. Di Vecchia to suggest this interesting check, that we leave to the future.
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4.1 A4(T, T, T, C)
Let us consider the amplitude of one coherent state and three tachyons. Thanks to the symmetry
under the exchange of any pair of tachyons (for a single D25-brane!), one can choose any ordering
of the external legs. For definiteness we choose the following
A4(T, T, T, C) =
∫ z4
z2
dz3 〈cVT (z1) cVT (z2)VT (z3) cVC(z4)〉 =
∫ z4
z2
dz3 〈c(z1)c(z2)c(z4)〉 (4.1)〈
eip1·X(z1)eip2·X(z2)eip3·X(z3) exp
{ ∞∑
r,s=1
ζr·ζs
2rs
Sr,s e−i(r+s)q4·X +
∞∑
n=1
ζn
n
·Pn e−inq4·X
}
eip4·X(z4)
〉
where z1 > z2 > z3 > z4. Expanding the exponentials one has〈
eip1·X(z1)eip2·X(z2)eip3·X(z3) (4.2)
∞∏
r,s=1
∞∑
`r,s=0
1
`r,s!
(
ζr·ζs
2rs
Sr,s e−i(r+s)q4·X
)`r,s ∞∏
n=1
∞∑
gn=0
1
gn!
(
ζn
n
·Pne−inq4·X
)gn
eip4·X(z4)
〉
For fixed level N =
∑1,∞
r,s `r,s(r + s) +
∑∞
n=1 ngn the KN factor is given by
〈eip1·X(z1)eip2·X(z2)eip3·X(z3)ei(p4−Nq4)·X(z4)〉 = (4.3)(
z12z34
z13z24
)− s
2
−2(
z14z23
z13z24
)− t
2
−2(
z34z14
z13
)N
(z13z24)
−2 δ(p1 + p2 + p3 + p4 −Nq4)
where the standard 4-point kinematics has been implemented, more precisely:
s = −4− 2p1·p2 = 2N4 − 4− 2p3·(p4−N4q4) (4.4)
t = −4− 2p3·p2 = 2N4 − 4− 2p1·(p4−N4q4) (4.5)
u = −4− 2p1·p3 = 2N4 − 4− 2p2·(p4−N4q4) (4.6)
Performing the contractions of the light-cone coordinate X+ present in Sr,s (in the form q·∂sX =
q−∂sX+), in Pn and in the exponentials exp i`q·X = exp i`q−X+ and of the transverse coordinates
X i present in Pn and in exp ip·X, including the ghost contribution, using the SL(2,R) invariance
to fix z1 =∞ , z2 = 1 , z4 = 0 and renaming z3 = z the amplitude looks like
A4(T, T, T, C) =
∫
dDX0 e
i(p1+p2+p3+p4)·X0
∫ 1
0
dz z−
s
2
−2(1− z)− t2−2 (4.7)
exp
{ ∞∑
r,s=1
ζ̂r·ζ̂s
2rs
Sr,s
[U (r)k ;U (s)k ]zr+s − ∞∑
n=1
zn
n
n∑
h=1
Zn−h
[U (n)k ]
(
ζ̂n·p2+ ζ̂n·p3
zh
)}
with
U (n)k = n
(
q4·p2 + q4·p3
zk
)
(4.8)
Now relying on the chain of identities9:
exp
{ ∞∑
s=1
Ys d
s
dβs
}
eβz
∣∣∣
β=0
=
∞∑
f=0
Zf
(
sYs
) df
dβf
eβz
∣∣∣
β=0
=
∞∑
f=0
Zf
(
sYszs
)
= exp
{ ∞∑
s=1
Ys zs
}
(4.9)
9We thank Dimitri Skliros for his crucial help in their derivation.
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one can represent the z integral in the following way:∫ 1
0
dz zA(1− z)B exp
{ ∞∑
s=1
Ys zs
}
= exp
{ ∞∑
s=1
Ys d
s
dβs
}∫ 1
0
dz zA(1− z)B exp{βz}
∣∣∣
β=0
(4.10)
more precisely one has to massage the terms inside the exponential to get
−
∞∑
n=1
zn
n
n∑
h=1
Zn−h
[U (n)k ]
(
ζ̂n·p2+ ζ̂n·p3
zh
)
=
∞∑
f=0
(Yζ·p2f + Yζ·p3f )zf (4.11)
∞∑
r,s=1
ζ̂r·ζ̂s
2rs
Sr,s
[U (r)k ;U (s)k ]zr+s = ∞∑
f=0
Yζ·ζf zf (4.12)
where
Yζ·p2f = −
∞∑
n=1
ζ̂n·p2
n
n∑
h=1
Zn−f (nq4·p3)Zf−h(nq4·p2) (4.13)
and
Yζ·p3f = −
∞∑
n=1
ζ̂n·p3
n
n∑
h=1
Zn−h−f (nq4·p3)Zf (nq4·p2) (4.14)
and
Yζ·ζf =
1,∞∑
r,s
ζ̂r·ζ̂s
2rs
r∑
h=1
h
r+h∑
m=0
Zs+h−m(sq4·p3)Zm(sq4·p2)Zr−h−f+m(sq4·p3)Zf−m(rq4·p2) (4.15)
and using ∫ 1
0
dz za−1(1− z)b−a−1eβz = Γ(a)Γ(b− a)
Γ(b)
1F1(a, b, β) (4.16)
where 1F1(a, b; β) is the confluent hyper-geometric function
1F1(a, b; z) =
∞∑
h=0
(a)h
(b)h
zh
h!
; (c)h =
Γ(c+ h)
Γ(c)
(4.17)
and performing the following steps
exp
{ ∞∑
`=1
Y` d
`
dβ`
}
1F1
(
A,B; β
)∣∣∣
β=0
=
∞∑
`=0
Z`(Yf ) d
`
dβ`
1F1
(
A,B; β
)∣∣∣
β=0
=
∞∑
`=0
Z`(Yf ) (A)`
(B)`
(4.18)
one finally finds
A4(T, T, T, C) =
∫
dDX0 e
i(p1+p2+p3+p4)·X0eY0
Γ(p1p2+1)Γ(p2p3+1)
Γ(p2(p1+p3)+2)
∞∑
`=0
Z`(fYf )
(p1p2+1)`
(p2(p1+p3)+2)`
(4.19)
where Y0 = Yf=0 with
Yf = Y ζ̂·p2f + Y ζ̂·p3f + Y ζ̂·ζ̂f (4.20)
The final expression is quite compact and elegant but somewhat deceiving. Most of the compli-
cation is hidden in the definitions of Y ζ̂·p2f in (4.13), Y ζ̂·p3 in (4.14) and Y ζ̂·ζ̂f in in (4.15), that we
have not been able to further simplify.
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4.2 A4(T, T, V, C)
As for 3-point amplitudes, it is quite interesting to replace one or more tachyons with massless
vector bosons. Even for a single D25-brane and for a single vector boson, different orderings of
the external legs lead to different 4-point amplitudes. For definiteness we consider the following
ordering
A4(T, T, V, C) =
∫ z2
z4
dz3 〈cVT (z1) cVT (z2)VT (z3) cVC(z4)〉 =
∫ z2
z4
dz3 〈c(z1)c(z2)c(z4)〉〈
eip1·X(z1)eip2·X(z2) A3·∂Xeik3·X(z3) exp
{ ∞∑
r,s=1
ζr·ζs
2rs
Sr,s e−i(r+s)q4·X+
∞∑
n=1
ζn
n
·Pn e−inq4·X
}
eip4·X(z4)
〉
(4.21)
where z4 < z3 < z2 < z1 and later on comment on how to get the 4-point amplitudes corresponding
to different orderings.
For fixed level N =
∑1,∞
r,s `r,s(r + s) +
∑∞
n=1 ngn KN factor with ghost contribution is given by
〈c eip1·X(z1)c eip2·X(z2)eik3·X(z3)c ei(p4−Nq4)·X(z4)〉 =(
z12z34
z13z24
)− s
2
−1(
z14z23
z13z24
)− t
2
−1(
z14z34
z13
)N
δ(p1+p2+k3+p4−Nq4)
(4.22)
where the standard 4-point kinematics has been implemented, more precisely:
s = −4− 2p1·p2 = 2N4 − 2− 2k3·(p4−N4q4) (4.23)
t = −2− 2k3·p2 = 2N4 − 4− 2p1·(p4−N4q4) (4.24)
u = −2− 2p1·k3 = 2N4 − 4− 2p2·(p4−N4q4) (4.25)
Using the same strategy as in the previous computation, with the addition of a new type of
contractions, related to the presence of A3·∂X(z3), SL(2,R) invariance allows to fix z4 = 0 , z2 =
1 , z1 =∞. Renaming z3 = z, the amplitude reads
A4(T, T, V, C) =
∫
dDX0 e
i(p1+p2+k3+p4)·X0
∫ 1
0
dz z−
s
2
−1(1−z)− t2−1
( ∞∑
n=1
ζ̂n·A3
n∑
h=1
Zn−h
[U (n)k ] hznnzh+1
+
A3·p4
z
−A3·p2
1−z
)
exp
{ ∞∑
r,s=1
ζ̂r·ζ̂s
2rs
Sr,s
[U (r)k ;U (s)k ]zr+s− ∞∑
n=1
zn
n
n∑
h=1
Zn−h
[U (n)k ]
(
ζ̂n·p2+ ζ̂n·p3
zh
)}
(4.26)
with
U (n)k = n
(
q4·p2 + q4·k3
zk
)
(4.27)
with the help of the following identifications:
∞∑
n=1
z
n
n
n∑
h=1
Zn−h
[U (n)k ]ζ̂n·A hzh+1 =
∞∑
k=0
Y ζ̂·Ak zk−1 (4.28)
∞∑
n=1
(−) z
n
n
n∑
h=1
Zn−h
[U (n)k ]
(
ζ̂n·p2 + ζ̂n·k3
zh
)
=
∞∑
k=0
(
Y ζ̂·p2k + Y ζ̂·k3k
)
zk (4.29)
∞∑
r,s=1
ζ̂r·ζ̂s
2rs
Sr,s
[U (r)k ;U (s)k ]zr+s = ∞∑
k=0
Y ζ̂·ζ̂k zk (4.30)
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where
Y ζ̂·A3k =
∞∑
n=1
1
n
ζ̂n·A3
n∑
h=1
hZn−h−k(nq4·k3)Zk(nq4·p2) (4.31)
Y ζ̂·k3k = −
∞∑
n=1
1
n
ζ̂n·k3
n∑
h=1
Zn−h−k(nq4·k3)Zk(nq4·p2) (4.32)
Y ζ̂·p2k = −
∞∑
n=1
1
n
ζ̂n·p2
n∑
h=1
Zn−k(nq4·k3)Zk−h(nq4·p2) (4.33)
Y ζ̂·ζ̂k =
1,∞∑
r,s
ζ̂rζ̂s
2rs
r∑
h=1
r−h∑
m=0
Zs+h−k+m(sq4·k3)Zk−m(sq4·p2)Zr−h−m(rq4·k3)Zm(rq4·p2) (4.34)
using the same strategy as in the previous computation the full amplitudes reads:
A4(T, T, V, C) =
∫
dDX0 e
i(p1+p2+k3+p4)·X0 eY0
∑
N
{
A3·(p4−Nq4)
Γ
[
k3·(p4−Nq4)−N
]
Γ
[
k3·p2 + 1
]
Γ
[
k3·(p4−Nq4+p2)+1−N
] ∞∑
`=0
Z`(fYf )
[k3·(p4−Nq4)−N
]
`
[k3·(p4−Nq4+p2)+1−N
]
`
+
− A3·p2
Γ
[
k3·(p4−Nq4)−N+1
]
Γ
[
k3·p2
]
Γ
[
k3·(p4−Nq4+p2)+1−N
] ∞∑
`=0
Z`(fYf )
[k3·(p4−Nq4)−N+1
]
`
[k3·(p4−Nq4+p2)+1−N
]
`
+
+
∞∑
k=0
Yζ·A3k
Γ
[
k3·(p4−Nq4)−N+k
]
Γ
[
k3·p2+1
]
Γ
[
k3·(p4−Nq4+p2)+1−N+k
] ∞∑
`=0
Z`(fYf )
[k3·(p4−Nq4)−N+k
]
`
[k3·(p4−Nq4+p2)+1−N+k
]
`
}
(4.35)
where Y0 = Yf=0 with
Yf = Y ζ̂·p2f + Y ζ̂·k3f + Y ζ̂·ζ̂f (4.36)
For a single D25-brane, the only other inequivalent ordering of the external legs corresponds to
the 4-point amplitude A4(T, V, T, C). We will not display the final result but it is easy to convince
oneself that its form is actually simpler in that no singularity in k3·(p4 − Nq4) can be exposed,
due to planarity of disk amplitudes.
4.3 Soft behaviour
We now pass to investigate the soft behavior of the 4-point amplitude we computed, that has
poles in k3·(p4 − Nq4). To leading order only the first two terms of the amplitude contribute
because ζ·A3 is sub-leading in the k3 → 0 limit.
Starting from:
eY0A3·p2
Γ
[
k3·(p4−Nq4)−N+1
]
Γ
[
k3·p2
]
Γ
[
k3·(p4−Nq4+p2)+1−N
] ∞∑
`=0
Z`(fYf )
[k3·(p4−Nq4)−N+1
]
`
[k3·(p4−Nq4+p2)+1−N
]
`
(4.37)
and using the explicit form of the Pochhammer symbols as ratios of Γ functions, one can rewrite
the above as
eY0A3·p2 Γ (k3·p2)
∞∑
N=0
N∑
`=0
Z`(fYf ) [k3·(p4−Nq4)−N+`] Γ [k3·(p4−Nq4)−N+`]
[k3·(p4−Nq4+p2)−N+`] Γ [k3·(p4−Nq4+p2)−N+`] (4.38)
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where the upper bound ` ≤ N is made manifest. Using Γ(k3·p2) ≈ 1/k3·p2 ad similar for the
other Γ functions, one then finds
eY0
A3·p2
k3·p2
∞∑
N=0
N∑
`=0
Z`(fYf )k3·(p4−Nq4)−N+`
k3·(p4−Nq4)
k3·(p4−Nq4+p2)
k3·(p4−Nq4+p2)−N+` (4.39)
The leading terms, as k3 → 0, correspond to ` = N and read
eY0
A3·p2
k3·p2
∞∑
N=0
Z`(fYf ) = A3·p2
k3·p2 exp
{ ∞∑
k=0
Y ζ̂·p2k + Y ζ̂·k3k + Y ζ̂·ζ̂k
}
(4.40)
The second term in the exponential is sub-dominant for k3 → 0, while the other terms produce
∞∑
k=0
Y ζ̂·p2k =
∞∑
k=0
∞∑
n=1
(−)
n
ζ̂n·p2
n∑
h=1
Γ(nq4·k3 + n− k)
Γ(nq4·k3) Γ(n− k + 1)Zk−h(nq4·p2) (4.41)
the leading term correspond to k = n, and the expression reduces as follow
∞∑
k=0
Y ζ̂·p2k
∣∣∣
k3→0
=
∞∑
n=1
1
2n
ζ̂n·(p1−p2)
n∑
h=1
Zn−h
[
−n
2
(Q+1)
]
=
∞∑
n=1
ζ̂n·(p1−p2)Rn−1(Q) (4.42)
Similarly one finds
∞∑
k=0
Y ζ̂·ζ̂k =
∞∑
k=0
1,∞∑
r,s
ζ̂rζ̂s
2rs
r∑
h=1
r−h∑
m=0
Γ (sq4·k3+s+h−k+m)Zk−m(sq4·p2)
Γ (sq4·k3) Γ (s+h−k+m+1)
Γ (rq4·k3+r−h−m)Zm(rq4·p2)
Γ (rq4·k3) Γ (r−h−m+1)
(4.43)
the leading terms correspond to k = s+ h−m and m = r − h separately, and one has
∞∑
k=0
Y ζ̂·ζ̂k
∣∣∣
k3→0
=
1,∞∑
r,s
ζ̂rζ̂s
2rs
r∑
h=1
Zs+h(nq4·p2)Zr−h(nq4·p2) =
1,∞∑
r,s
ζ̂rζ̂s
rs(Q+ 1)
2(r + s)
Rs−1(Q)Rr−1(Q)
(4.44)
The same happens for the other term A3·(p4−Nq4), and finally the soft leading behavior is the
following:
A4(T, T, V, C)
∣∣∣
k3→0
=
∑
N
(
A3·(p4−Nq4)
k3·(p4−Nq4) −
A3·p2
k3·p2
)
A3(T, T, CN) (4.45)
where we exposed the decomposition in terms of levels labelled by N , that matches precisely the
level N contribution to the 3-point physical amplitude of one coherent state into two tachyons.
The result is perfectly in line with expectations based on the old literature [83, 84] for QED and
[85] for gauge theories, that has been recently revived, after [91], in various contexts [92, 93, 94, 95],
including string theory [96, 97, 98, 99].
4.4 A4(T, C, T, C)
The simplest 4-point amplitude with two coherent states is the one with two tachyons. For a
single D25-brane there are two inequivalent orderings: A4(T, T, C, C) and A4(T, C, T, C). For
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definiteness we consider the latter and comment later on the former. The relevant amplitude is
given by
A4(T C T C) =
∫ z2
z4
dz3 〈cVT (z1) cVC(z2)VT (z3) cVC(z4)〉 =
∫ z2
z4
dz3 〈c(z1)c(z2)c(z4)〉〈
eip1·X(z1) exp
{ ∞∑
r2,s2=1
ζ
(2)
r2 ·ζ(2)s2
2r2s2
Sr2,s2 e−i(r2+s2)q2·X +
∞∑
n2=1
ζ
(2)
n2
n2
·Pn2 e−in2q2·X
}
eip2·X(z2)
eip3·X(z3) exp
{ ∞∑
r4,s4=1
ζ
(4)
r4 ·ζ(4)s4
2r4s4
Sr4,s4 e−i(r4+s4)q4·X +
∞∑
n4=1
ζ
(4)
n4
n4
·Pn4 e−in4q4·X
}
eip4·X(z4)
〉
(4.46)
where z1 > z2 > z3 > z4.
For fixed level of both coherent vertex operators, respectively N2 and N4, the KN factor with
ghost contribution assumes the following form:
〈c eip1·X(z1)c ei(p2−N2q2)·X(z2)eik3·X(z3)c ei(p4−N4q4)·X(z4)〉 =(
z12z34
z13z24
)− s
2
−1(
z14z23
z13z24
)− t
2
−1(
z12z23
z13
)N2(
z14z34
z13
)N4
δ(p1+p2−N2q2+p3+p4−N4q4)
(4.47)
with the 4-point kinematics:
s = 2N2 − 4− 2p1·(p2−N2q2) = 2N4 − 4− 2p3·(p4−N4q4) (4.48)
t = 2N2 − 4− 2p3·(p2−N2q2) = 2N4 − 4− 2p1·(p4−N4q4) (4.49)
u = −4− 2p1·p3 = 2N2 + 2N4 − 4− 2(p2−N2q2)·(p4−N4q4) (4.50)
Using SL(2,R) invariance in order to fix z1 =∞, z2 = 1, z4 = 0, renaming z3 = z and performing
the contraction, the amplitude reads
A4(T, C, T, C) =
∫
dDX0 e
i(p1+p2+p3+p4)·X0
0,∞∑
N2,N4
∫ 2pi
0
dθ2dθ4
(2pi)2
eiN2θ2+iN4θ4
∫ 1
0
dz z−
s
2
−2(1−z)− t2−2
exp
{ ∞∑
r2,s2=1
ζ˜
(2)
r2 ·ζ˜(2)s2
2r2s2
Sr2,s2
[U (r2)k ;U (s2)k ](1− z)r2+s2+ ∞∑
r4,s4=1
ζ˜
(4)
r4 ·ζ˜(4)s4
2r4s4
Sr4,s4
[U (r4)k ;U (s4)k ]zr4+s4
}
exp
{
1,∞∑
n2,n4
(1− z)n2
n2
zn4
n4
1;n2,n4∑
h2,h4
Γ(h2+h4)
Γ(h2)Γ(h4)
Zn2−h2
[U (n2)k ]Zn4−h4[U (n4)k ](−)h2+1ζ˜(2)n2 ·ζ˜(4)n4
}
exp
{
−
∞∑
n4=1
zn4
n4
n4∑
h4=1
Zn4−h4
[U (n4)k ]
(
ζ˜(4)n4 ·p2+
ζ˜
(4)
n4 ·p3
zh4
)}
exp
{ ∞∑
n2=1
(1− z)n2
n2
n2∑
h2=1
(−)h2+1Zn2−h2
[U (n2)k ]
(
ζ˜
(2)
n2 ·p3
(1− z)h2 +ζ˜
(2)
n2
·p4
)}
(4.51)
with
ζ˜n = ζ̂ne
−inθ = ζne−in(qX0+θ) (4.52)
for each coherent state, that combined with the integration over θ and the factor exp iNθ projects
onto fixed level N , and
U (n2)k = n2 (−)k
(
q2·p4 + q2·p3
(1− z)k
)
, U (n4)k = n4
(
q4·p2 + q4·p3
zk
)
(4.53)
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As in the previous computation one can completely encode the z dependence introducing some
Y coefficient functions
1,∞∑
r2,s2
ζ˜
(2)
r2 ·ζ˜(2)s2
2r2s2
Sr2,s2
[U (r2)k ;U (s2)k ](1− z)r2+s2 = ∞∑
k=0
Y ζ˜(2)·ζ˜(2)k zk (4.54)
1,∞∑
r4,s4
ζ˜
(4)
r4 ·ζ˜(4)s4
2r4s4
Sr4,s4
[U (r4)k ;U (s4)k ]zr4+s4 = ∞∑
k=0
Y ζ˜(4)·ζ˜(4)k zk (4.55)
−
∞∑
n4=1
zn4
n4
n4∑
h4=1
Zn4−h4
[U (n4)k ]
(
ζ˜(4)n4 ·p2+
ζ˜
(4)
n4 ·p3
zh4
)
=
∞∑
k=0
(
Y ζ˜(4)·p2k +Y ζ˜
(4)·p3
k
)
zk (4.56)
∞∑
n2=1
(1− z)n2
n2
n2∑
h2=1
(−)h2+1Zn2−h2
[U (n2)k ]
(
ζ˜
(2)
n2 ·p3
(1− z)h2 +ζ˜
(2)
n2
·p4
)
=
∞∑
k=0
(
Y ζ˜(2)·p3k +Y ζ˜
(2)·p4
k
)
zk (4.57)
1,∞∑
n2,n4
(1− z)n2zn4
n2n4
1;n2,n4∑
h2,h4
Γ(h2+h4)
Γ(h2)Γ(h4)
Zn2−h2
[U (n2)k ]Zn4−h4[U (n4)k ](−)h2+1ζ˜(2)n2 ·ζ˜(4)n4 = ∞∑
k=0
Y ζ˜(2)·ζ˜(4)k zk
(4.58)
where
Y ζ˜(4)·ζ˜(4)k =
1,∞∑
r4,s4
ζ˜
(4)
r4 ·ζ˜(4)s4
2r4s4
r4∑
h4=1
h4
r4−h4∑
m4=0
Zs4−h4+m4−k(s4q4·p3)Zk−m4(s4q4·p2)Zr4−h4−m4(r4q4·p3)Zm4(r4q4·p2)
(4.59)
Y ζ˜(2)·ζ˜(2)k =
1,∞∑
r2,s2
(−)r2+s2 ζ˜
(2)
r2 ·ζ˜(2)s2
2r2s2
r2∑
h2=1
h2
r2−h2∑
m2=0
s2+h2∑
t2=0
(t2+m2)! (−)k
k! (t2+m2−k)! Zs2+h2−t2(s2q2·p3) (4.60)
Zt2(s2q2·p4)Zr2−h2−m2(r2q2·p3)Zm2(r2q2·p4)
Y ζ˜(4)·p3k = −
1,∞∑
n4
ζ˜
(4)
n4 ·p3
n4
n4∑
h4=1
Zn4−h4−k(n4q4·p3)Zk(n4q4·p2) (4.61)
Y ζ˜(4)·p2k = −
1,∞∑
n4
ζ˜
(4)
n4 ·p2
n4
n4∑
h4=1
Zn4−k(n4q4·p3)Zk−h4(n4q4·p2) (4.62)
Y ζ˜(2)·p4k =
1,∞∑
n2
(−)
n2
n2+1
ζ˜(2)n2 ·p4
n2∑
h2=1
n2−h2∑
m2=0
(h2+m2)! (−)k
k! (h2+m2−k)!Zn2−h2−m2(n2q2·p4)Zm2(n2q2·p3)
(4.63)
Y ζ˜(2)·p3k =
1,∞∑
n2
(−)
n2
n2+1
ζ˜(2)n2 ·p3
n2∑
h2=1
n2−h2∑
m2=0
m2! (−)k
k! (m2−k)!Zn2−h2−m2(n2q2·p4)Zm2(n2q2·p3)
(4.64)
Y ζ˜(2)·ζ˜(4)k =
1,∞∑
n4,n2
(−)n2
n4n2
ζ˜(2)n2 ·ζ˜(4)n4
1;n4n2∑
h4,h2
n4−h4∑
m4=0
n2−h2∑
m2=0
(h2+m2)! (−)k
(k−m4−h4)!
(−)m4+h4+1
(m2+h2+m4+h4−k)!
Γ(h4 + h2)
Γ(h4)Γ(h2)
Zn4−h4−m4(n4q4·p3)Zm4(n4q4·p2)Zn2−h2−m2(n4q2·p3)Zm2(n2q2·p4)
(4.65)
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After computing the integral one finds
A4(T, C, T, C) =
∫
dDX0 e
i(p1+p2+p3+p4)·X0
0,∞∑
N2,N4
∫ 2pi
0
dθ2dθ4
(2pi)2
eiN2θ2+iN4θ4 eY0
Γ[p1·(p2−N2q2)+1−N2]Γ[(p2−N2q2)·p3 + 1−N2]
Γ[(p2−N2q2)·(p1+p3)+2(1−N2)]
∞∑
`=0
Z`(kYk) [p1·(p2−N2q2)+1−N2]`
[(p2−N2q2)·(p1+p3)+2(1−N2)]`
(4.66)
where Y0 = Yk=0 with Yk, encoding most of the intricacy of the result, given by
Yk = Y ζ˜(2)·p3k + Y ζ˜
(2)·p4
k + Y ζ˜
(4)·p3
k + Y ζ˜
(4)·p2
k + Y ζ˜
(4)·ζ˜(4)
k + Y ζ˜
(2)·ζ˜(2)
k + Y ζ˜
(2)·ζ˜(4)
k (4.67)
with the various Y ’s defined in Eqs. (4.60), (4.59), (4.65), (4.64), (4.63), (4.61), (4.62).
4.5 A4(T, C, V, C)
The next-simplest 4-point amplitude with two coherent states requires one tachyon and one vector
boson. For a single D25-brane, there are two inequivalent orderings A(T, V, C, C) and A(T C V C).
We consider only the latter. The relevant amplitude reads
A4(T C V C) =
∫ z2
z4
dz3 〈cVT (z1) cVC(z2)VT (z3) cVC(z4)〉 =
∫ z4
z2
dz3 〈c(z1)c(z2)c(z4)〉〈
eip1·X(z1) exp
{ ∞∑
r2,s2=1
ζ
(2)
r2 ·ζ(2)s2
2r2s2
Sr2,s2 e−i(r2+s2)q2·X +
∞∑
n2=1
ζ
(2)
n2
n2
·Pn2 e−in2q2·X
}
eip2·X(z2)
iA3∂Xe
ik3·X(z3) exp
{ ∞∑
r4,s4=1
ζ
(4)
r4 ·ζ(4)s4
2r4s4
Sr4,s4 e−i(r4+s4)q4·X +
∞∑
n4=1
ζ
(4)
n4
n4
·Pn4 e−in4q4·X
}
eip4·X(z4)
〉
(4.68)
where z1 > z2 > z3 > z4.
For fixed level of both coherent vertex operators, respectively N2 and N4, the KN factor with
ghost contribution takes the following form:
〈c eip1·X(z1)c ei(p2−N2q2)·X(z2)eik3·X(z3)c ei(p4−N4q4)·X(z4)〉 =(
z12z34
z13z24
)− s
2
−1(
z14z23
z13z24
)− t
2
−1
z24
(
z12z23
z13
)N2(
z14z34
z13
)N4
δ(p1+p2−N2q2+k3+p4−N4q4)
(4.69)
with the 4-point kinematics:
s = 2N2 − 4− 2p1·(p2−N2q2) = 2N4 − 2− k3·(p4−N4q4) (4.70)
t = 2N2 − 2− 2k3·(p2−N2q2) = 2N4 − 4− 2p1·(p4−N4q4) (4.71)
u = −2− 2p1·k3 = 2N2 + 2N4 − 4− 2(p2−N2q2)·(p4−N4q4) (4.72)
Using SL(2,R) invariance in order to fix z1 =∞ , z2 = 1 , z4 = 0, renaming z3 = z and performing
the contractions, the amplitude reads
A4(T C V C) =
∫
dDX0e
i(p1+p2+k3+p4)·X0
0,∞∑
N2,N4
∫ 2pi
0
dθ2dθ4
(2pi)2
eiN2θ2+iN4θ4
∫ 1
0
dz z−
s
2
−1 (1− z)− t2−1
exp
{ ∞∑
k=0
Yk zk
}(
A3·p2
1− z −
A3·p4
z
+
∞∑
m2=0
Y ζ˜(2)·A3m2 (1− z)m2−1 +
∞∑
m4=0
Y ζ˜(4)·A3m4 zm4−1
)
(4.73)
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where
Y ζ˜(2)·A3m2 =
∞∑
n2=1
(−)
n2
n2+1
ζ˜(2)n2 ·A3
n2∑
h2=1
h2Zn2−h2−m2(n2q2·k3)Zm2(n2q2·p4) (4.74)
Y ζ˜(4)·A3m4 =
∞∑
n4=1
1
n4
ζ˜(4)n4 ·A3
n4∑
h4=1
h4Zn4−h4−m4(n4q4·k3)Zm4(n4q4·p2) (4.75)
and
Yk = Y ζ˜(2)·ζ˜(2)k + Y ζ˜
(4)·ζ˜(4)
k + Y ζ˜
(2)·ζ˜(4)
k + Y ζ˜
(2)·p3
k + Y ζ˜
(2)·p4
k + Y ζ˜
(4)·p3
k + Y ζ˜
(4)·p2
k (4.76)
with the various Y ’s given in Eqs. (4.60), (4.59), (4.65), (4.64), (4.63), (4.61), (4.62).
Performing the integrals, the final result takes the following form
A4(T C V C) =
∫
dDX0 e
i(p1+p2+k3+p4)·X0
0,∞∑
N2,N4
∫ 2pi
0
dθ2dθ4
(2pi)2
eiN2θ2+iN4θ4 eY0
∑
N2,N4
{
A3·p4
Γ
(
k3·(p4−N4q4)−N4
)
Γ
(
k3·(p2−N2q2)+1−N2
)
Γ
(
k3·(p4−N4q4+p2−N2q2)+1−N2−N4
) ∞∑
j=0
Zj
(
kYk
)(
k3·(p4−N4q4)−N4
)
j(
k3·(p4−N4q4+p2−N2q2)+1−N2−N4
)
j
+
− A3·p2
Γ
(
k3·(p4−N4q4)+1−N4
)
Γ
(
k3·(p2−N2q2)−N2
)
Γ
(
k3·(p4−N4q4+p2−N2q2)+1−N2−N4
) ∞∑
j=0
Zj
(
kYk
)(
k3·(p4−N4q4)+1−N4
)
j(
k3·(p4−N4q4+p2−N2q2)+1−N2−N4
)
j
+
+
∞∑
m4=0
Γ
(
k3·(p4−N4q4)−N4 +m4
)
Γ
(
k3·(p2−N2q2)+1−N2
)
Γ
(
k3·(p4−N4q4+p2−N2q2)+1−N2−N4+m4
) ∞∑
j=0
Y ζ˜(4)·A3m4 Zj
(
kYk
)(
k3·(p4−N4q4)−N4 +m4
)
j(
k3·(p4−N4q4+p2−N2q2)+1−N2−N4+m4
)
j
+
∞∑
m2=0
Γ
(
k3·(p4−N4q4)+1−N4
)
Γ
(
k3·(p2−N2q2)−N2 +m2
)
Γ
(
k3·(p4−N4q4+p2−N2q2)+1−N2−N4+m2
) ∞∑
j=0
Y ζ˜(2)·A3m2 Zj
(
kYk
)(
k3·(p4−N4q4)+1−N4
)
j(
k3·(p4−N4q4+p2−N2q2)+1−N2−N4+m2
)
j
}
(4.77)
where the sum over levels N2 and N4 of the two coherent states has been explicitly indicated.
4.6 A4(T, C, C, C)
The last 4-point amplitude we consider involves three coherent states and one tachyon10
A4(T C C C) =
∫ z2
z4
dz3 〈cVT (z1) cVC(z2)VT (z3) cVC(z4)〉 =
∫ z4
z2
dz3 〈c(z1)c(z2)c(z4)〉〈
eip1·X(z1) exp
{ ∞∑
r2,s2=1
ζ
(2)
r2 ·ζ(2)s2
2r2s2
Sr2,s2 e−i(r2+s2)q2·X +
∞∑
n2=1
ζ
(2)
n2
n2
·Pn2 e−in2q2·X
}
eip2·X(z2)
exp
{ ∞∑
r3,s3=1
ζ
(3)
r3 ·ζ(3)s3
2r3s3
Sr3,s3 e−i(r3+s3)q3·X +
∞∑
n3=1
ζ
(3)
n3
n3
·Pn3 e−in3q3·X
}
eip3·X(z3)
exp
{ ∞∑
r4,s4=1
ζ
(4)
r4 ·ζ(4)s4
2r4s4
Sr4,s4 e−i(r4+s4)q4·X +
∞∑
n4=1
ζ
(4)
n4
n4
·Pn4 e−in4q4·X
}
eip4·X(z4)
〉
(4.78)
where z1 > z2 > z3 > z4. Thanks to Bose symmetry, the other orderings gives essentially identical
amplitudes, up to relabelling of the external legs.
10The amplitude with four coherent states presents some subtleties as how to send one of the insertion points to infinity.
We thank G. Veneziano for suggesting this interesting case, whose analysis we defer to the future.
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For fixed levels N2, N3 and N4 of the coherent vertex operators the KN factor combined with the
ghost contribution takes the following form:
〈c eip1·X(z1)c ei(p2−N2q2)·X(z2)ei(p3−N3q3)·X(z3)c ei(p4−N4q4)·X(z4)〉 =(
z12z34
z13z24
)− s
2
−1(
z14z23
z13z24
)− t
2
−1
z24
z34z23
(
z12z23
z13
)N2(
z34z23
z24
)N3(
z14z34
z13
)N4
δ
(
p1+
4∑
`=2
(p` −N`q`)
)
(4.79)
with the standard 4-point kinematics:
s = 2N2 − 4− 2p1·(p2−N2q2) = 2N3 + 2N4 − 4− (p3−N3q3)·(p4−N4q4) (4.80)
t = 2N2 + 2N3 − 4− 2(p3−N3q3)·(p2−N2q2) = 2N4 − 4− 2p1·(p4−N4q4) (4.81)
u = −4− 2p1·(p3 −N3q3) = 2N2 + 2N4 − 4− 2(p2−N2q2)·(p4−N4q4) (4.82)
Using SL(2,R) invariance to fix z1 = ∞ , z2 = 1 , z4 = 0, renaming z3 = z and performing the
contraction, the amplitude reads
A4(T C C C) = (4.83)∫
dDX0 e
i(p1+p2+p3+p4)·X0
0,∞∑
N2,N3,N4
∫ 2pi
0
dθ2dθ3dθ4
(2pi)3
eiN2θ2+iN3θ3+iN4θ4
∫ 1
0
dz z−
s
2
−2(1−z)− t2−2
exp
{
1,∞∑
r2,s2
ζ˜
(2)
r2 ·ζ˜(2)s2
2r2s2
Sr2,s2
[U (r2)k ;U (s2)k ](1−z)r2+s2+ 1,∞∑
r4,s4
ζ˜
(4)
r4 ·ζ˜(4)s4
2r4s4
Sr4,s4
[U (r4)k ;U (s4)k ]zr4+s4
}
exp
{
1,∞∑
r3,s3
ζ˜
(3)
r3 ·ζ˜(3)s3
2r3s3
Sr3,s3
[U (r3)k ;U (s3)k ][z(1− z)]r3+s3
}
exp
{ ∞∑
n2=1
(1− z)n2
n2
n2∑
h2=1
(−)h2+1Zn2−h2
[U (n2)k ]
(
ζ˜
(2)
n2 ·p3
(1− z)h2 +ζ˜
(2)
n2
·p4
)}
exp
{
−
∞∑
n3=1
[z(1− z)]n3
n3
n3∑
h3=1
Zn3−h3
[U (n3)k ]
(
ζ˜
(3)
n3 ·p2
(1− z)h3 +
ζ˜
(3)
n3 ·p4
zh3
(−)h3
)}
exp
{
−
∞∑
n4=1
zn4
n4
n4∑
h4=1
Zn4−h4
[U (n4)k ]
(
ζ˜(4)n4 ·p2+
ζ˜
(4)
n4 ·p3
zh4
)}
exp
{
1,∞∑
n2,n4
ζ˜(2)n2 ·ζ˜(4)n4
(1− z)n2
n2
zn4
n4
1;n2,n4∑
h2,h4
Γ(h2+h4)
Γ(h2)Γ(h4)
Zn2−h2
[U (n2)k ]Zn4−h4[U (n4)k ](−)h2+1
}
exp
{
1,∞∑
n2,n3
ζ˜(2)n2 ·ζ˜(3)n3
(1− z)n2+n3
n2
zn3
n3
1;n2,n3∑
h2,h3
Γ(h2+h3)
Γ(h2)Γ(h3)
(−)h2−1
(1−z)h2+h3Zn2−h2
[U (n2)k ]Zn3−h3[U (n3)k ]
}
exp
{
1,∞∑
n4,n3
ζ˜(4)n4 ·ζ˜(3)n3
(1− z)n3
n3
zn4+n3
n4
1;n4,n3∑
h4,h3
Γ(h4+h3)
Γ(h4)Γ(h3)
(−)h3−1
zh4+h3
Zn4−h4
[U (n4)k ]Zn3−h3[U (n3)k ]
}
with
U (n2)k = (−)kn2
(
q2·p4+ q2·p3
(1− z)k
)
,U (n3)k = (−)kn3
(
q3·p2(−)k
(1− z)k +
q3·p4
zk
)
,U (n4)k = n4
(
q4·p2+q4·p3
zk
)
(4.84)
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Performing the integal, the final result is:
A4(T C C C) =
∫
dDX0 e
i(p1+p2+p3+p4)·X0
0,∞∑
N2,N3,N4
∫ 2pi
0
dθ2dθ3dθ4
(2pi)3
eiN2θ2+iN3θ3+iN4θ4
eY0
Γ[(p3−N3q3)·(p4−N4q4)+1−N3−N4]Γ[(p2−N2q2)·(p3−N3q3)−N2−N3+1]
Γ[(p3−N3q3)·(p2−N2q2+p4−N4q4)+2−N2−N4−2N3]
∞∑
`=0
Z`(kYk) [(p3−N3q3)·(p4−N4q4)+1−N3−N4]`
[(p3−N3q3)·(p2−N2q2+p4−N4q4)+2−N2−N4−2N3]`
(4.85)
where Y0 = Yk=0 with
Yk = Y ζ˜(2)·p3k +Y ζ˜
(2)·p4
k +Y ζ˜
(4)·p3
k +Y ζ˜
(4)·p2
k +Y ζ˜
(4)·ζ˜(4)
k +Y ζ˜
(2)·ζ˜(2)
k +Y ζ˜
(2)·ζ˜(4)
k +
+ Y ζ˜(3)·p2k +Y ζ˜
(3)·p4
k +Y ζ˜
(3)·ζ˜(3)
k +Y ζ˜
(2)·ζ˜(3)
k +Y ζ˜
(3)·ζ˜(4)
k (4.86)
where the coefficients in first line are the same as in (4.67) and the others are:
Y ζ˜(3)·p2k =
∞∑
n3=1
(−1)
n3
ζ˜(3)n3 ·p2
n3∑
h3=1
n3−h3∑
m3=0
(−)k+n3m3! Zn3−h3−m3(n3q3·p2)Zm3(n3q3·p4)
(k−n3−m3)! (n3−k)! (4.87)
Y ζ˜(3)·p4k =
∞∑
n3=1
(−1)
n3
ζ˜(3)n3 ·p4
n3∑
h3=1
n3−h3∑
m3=0
(−)k+n3(m3+h3)! Zn3−h3−m3(n3q3·p4)Zm3(n3q3·p2)
(n3−k)! (k−n3+h3+m3)! (4.88)
Y ζ˜(3)·ζ˜(3) =
1,∞∑
r3,s3
ζ˜
(3)
s3 ·ζ˜(3)r3
2s3r3
r3∑
h3=1
h3
s3+h3∑
n3=0
r3−h3∑
m3=0
(n3+m3)! (−)k+r3+s3
(k+n3+m3−r3−s3)! (r3+s3−k)!
Zs3+h3−n3(s3q3·p2)Zn3(s3q3·p4)Zr3−h3−m3(r3q3·p2)Zm3(r3q3·p4)
(4.89)
Y ζ˜(2)·ζ˜(3) =
1,∞∑
n2,n3
(−)n2+n3 ζ˜
(2)
n2 ·ζ˜(3)n3
n2n3
1,∞∑
h2,h3
n2−h2∑
m2=0
n3−h3∑
m3=0
(m2+m3)! (−)k
(k−n3+m3)! (n3+m2−k)!
Γ(h2+h3)
Γ(h2) Γ(h3)
Zn2−h2−m2(n2q2·p3)Zm2(n2q2·p4)Zn3−h3−m3(n3q3·p2)Zm3(n3q3·p4)
(4.90)
Y ζ˜(3)·ζ˜(4) =
1,∞∑
n3,n4
ζ˜
(4)
n2 ·ζ˜(3)n3
n4n3
1,∞∑
h4,h3
n4−h4∑
m4=0
n3−h3∑
m3=0
(h3+m3)! (−)k+n3+m4+1
(k−n3+m3+h3−m4)! (n3+m4−k)!
Γ(h4+h3)
Γ(h4) Γ(h3)
Zn4−h4−m4(n4q4·p3)Zm4(n4q4·p2)Zn3−h3−m3(n3q3·p2)Zm3(n3q3·p4)
(4.91)
Despite its compact appearance the above 4-point amplitudes encodes interactions of arbitrary
massive open string states with one tachyon. Contributions of states at fixed level can be extracted
by simply expanding the amplitudes. As for 3-point amplitudes, the above formula can be used
as a generating function where individual amplitudes obtain after taking derivatives with respect
to the parameters ζ
(i)
n . Generalization to different boundary conditions look straightforward.
Extension to closed strings seems a bit more involved but feasible.
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5 High-energy asymptotics at fixed angle
In this section we would like to consider the asymptotics of the scattering amplitude A(T, T, T, C)
in the fixed angle regime. For simplicity we will only consider the case ζ1 6= 0 with ζn6=1 = 0
and further restrict our attention on ζ1·ζ1 = 0. Setting ζµ1 = ζµ for notational simplicity, the
expression of the amplitude becomes
A(T, T, T, C) =
∫
dX0e
i(p1+p2+p3+p4)X0
∫ 1
0
dzz−
s
2
−2(1− z)− t2−2eζˆp3+zζˆp2 (5.1)
with ζˆµ = ζµe−iqX0 .
For large s, |t| and ζ·pi11 we look for a saddle-point of the exponent (neglecting subleading terms)
E(z) = −S log z − T log(1−z) + Az +B (5.2)
where S = α′s, T = α′t, A = 2α′ζˆp2 and B = 2α′ζˆp3.
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Figure 5: plots with S = T = 10 and A = 20, B = 0, the dashed line represents the Veneziano case.
The ‘mathematically’ correct way to proceed it to consider A(T, T, T, C) as a function of S, T
and A (the term in B can be taken out of the integral) in the ‘unphysical’ region S, T large
and both negative (!). One can take A > 0 so that E(z) > 0 in the interval (0, 1). Find the
saddle-point approximation of the integral and then continue to the ‘physical’ region (e.g. S > 0
and T < 0)12.
The saddle-point is determined by the condition E ′(z) = 0 i.e.
− S(1− z) + Tz + Az(1− z) = 0 (5.3)
whose solutions are
z± =
1
2A
[S + T + A±
√
(S + T + A)2 − 4AS] (5.4)
The solution z− yields the ‘known’ saddle-point for A = 0 i.e. z−|A=0 = S/(S + T ) < 1 (in the
chosen ‘unphysical’ region), so that z− is inside the interval of integration. The other one z+
tends to infinity for A = 0, outside the interval. It is convenient to compute
1− z± = 1
2A
[A− (S + T )∓
√
(S + T + A)2 − 4AS] (5.5)
and
E ′′(z±) = +
S
z2±
+
T
(1− z±)2 < 0 (5.6)
11Recall that 〈N〉 = |ζ|2 for the coherent state, which means that we are taking the mass M =√〈N〉/α′ to scale as the
momenta involved in the process.
12In a series of interesting papers [?] the problem for a single very massive state has been addressed with different
conclusions/strategy.
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in the chosen ‘unphysical’ region. Moreover
E(z−) = −S log
(
A+S+T−√(A+S+T )2−4AS
2A
)
− T log
(
A−S−T+√(A+S+T )2−4AS
2A
)
+
+
1
2
(
A+S+T−
√
(S+T+A)2−4AS
)
+B = B − S logS − T log T + (S + T ) log(S + T ) + ...(A)
(5.7)
Plugging this in the expression for the amplitude one finds
A(T, T, T, C) =
∫
dX0e
i(p1+p2+p3+p4)X0 expE(z−) (5.8)
There are two points that we would like to stress. First of all, the presence of A (and B)
in the exponent shifts significantly the position of the saddle-point and the final result of the
approximation valid in the regime where A ≈ S, T . Second, A depends on X0 and the last
integral is not completely straightforward and should be performed expanding the exponent
E(z−) in powers of A ∼ exp−iqX0A′ or equivalently as in the general case (arbitrary s and t)
using level expansion.
6 Summary, conclusions and outlook
We conclude with a summary of the results and some very preliminary considerations on how to
extend our analysis to closed (bosonic) strings.
Relying on the time-honored DDF approach, that has the virtue of combining the nice properties
of both the light-cone and covariant approaches, we have reviewed the construction of arbitrarily
massive higher-spin physical (BRST invariant) states for open bosonic strings, closely following
[74, 75, 76] and [78, 73]. In particular we have shown how construct coherent states for the case
of a single D25-brane. After recalling some properties of the coherent states, that emerge from
the computation of 2-point ‘amplitudes’, such as the average mass, gyration radius and spin and
studied some random open string profile.
Then we have computed 3-point physical ‘amplitudes’. Modulo few exceptions, they correspond
to physical on-shell processes, such as decay or production of massive states. We have considered
several cases with diverse numbers of coherent states as well as tachyons and vector bosons. Quite
remarkably, thanks to level expansion and a proper redefinition of the harmonics, we found that
the amplitudes exponentiate. We have then turned our attention on the computation of 4-point
‘amplitudes’ involving diverse numbers of coherent states as well as tachyons and vector bosons.
We have also studied the high-energy fixed angle regime, dominated by a different saddle-point
for a different coherent state, and the soft limit when the momentum of a massless vector boson
is taken to zero.
There is a number of generalisations and applications that one may envisage. First of all one can
consider non-abelian interactions associated to multiple coincident or separated D25-branes. By
T-duality the case of Dp-branes should be straightforward to analyse. Extension to intersecting
or magnetised D-branes should also proceed quite easily. For superstrings, some work has been
done in the NS sector [73, 72] but very little is known for the Ramond sector.
It might prove more interesting however to consider closed strings, either bosonic or fermionic.
Our results for 3-point or 4-point open string scattering amplitudes represent building blocks for
closed string amplitudes, whereby the doubling of modes
W (z, z¯) = VL(z)VR(z¯) (6.1)
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Figure 6: The first plot is referred to the saddle point evaluation in the Veneziano case where z0 =
S/(S+T ), and the second one is the Coherent case, both in the physical region with the choices A =
20, B = 0
requires a doubling of the DDF operators with similar commutation relations. Physical states
will share the same L and R momenta and level matching for coherent states can be imposed via
integration over an auxiliary variable [74, 75, 76]
WC(z, z¯) =
∫ 2pi
0
dβ V LC (p, q, λ, β, z)V
R
C (p, q, λ˜, β, z¯) =∫ 2pi
0
dβ exp
{ ∞∑
m,n=1
ζm·ζn
2mn
Sm,n e−i(m+n)[q·XL+β] +
∞∑
n=1
ζn
n
·Pn e−in[q·XL+β]
}
exp
{ ∞∑
r,s=1
ζ˜r·ζ˜n
2 rs
S˜r,s e−i(r+s)[q·XR−β] +
∞∑
s=1
ζ˜s
s
·P˜s e−is[q·XR−β]
}
eip·[XL+XR]
(6.2)
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Using KLT relations or otherwise one should be able to compute scattering amplitudes of coherent
states with tachyons and massless states (graviton, dilaton, Kalb-Ramond field).
In general one can compute physical processes with highly excited closed string physical states
that should help clarifying some of the issues raised in the introduction, in connection with the
dynamics of BH’s, the emission of GW’s and the role of cosmic strings. We plan to tackle some
of these problems in the near future [107].
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